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Abstract 

We prove an implicit function theorem for Keller C^-maps from arbitrary 
real or complex topological vector spaces to Frechet spaces, imposing only 
a certain metric estimate on the partial differentials. As a tool, we show 
the C fc -dependence of fixed points on parameters for suitable families of 
contractions of a Frechet space. The investigations were stimulated by a 
recent metric approach to differentiability in Frechet spaces by Olaf Miiller. 
Our results also subsume generalizations of Muller's Inverse Function The- 
orem for mappings between Frechet spaces. As an application, we study 
existence, uniqueness and parameter-dependence of solutions to suitable 
ordinary differential equations in Frechet spaces. 
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Introduction 

One of the most famous and useful results of infinite-dimensional differential 
calculus beyond Banach spaces is the Nash-Moser Inverse Function Theorem 
(see [19], [26]; cf. [31], [29]), which provides a smooth local inverse under re- 
strictive conditions in terms of a given fundamental sequence of seminorms (a 
"grading") on the space. A variant of the Nash-Moser Theorem for implicit 
functions is also available [35]. These theorems are difficult to prove, and also 
their hypotheses are usually difficult to check in applications. Besides these re- 
sults (and some variants), inverse and implicit function theorems are available for 
mappings between bornological spaces in the framework of "bounded differential 
calculus" by Colombeau (see [23, Chapter 13] for a survey). Implicit functions 
from topological vector spaces to Banach spaces have been studied in various 
settings of infinite-dimensional calculus and in varying generality (see [20], [36], 
[16], [17]). Furthermore, [21] provides results concerning the solutions 4> to equa- 
tions f(x. <fi(x)) — 0, where F = limFj is a projective limit of Banach spaces and 
f:ExF—>Fof the form / = lim fj for suitable maps fj: E x Fj — > Fj . 
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Recently, Olaf Miiller formulated a metric approach to differential calculus for 
mappings between Frechet spaces and provided an Inverse Function Theorem for 
certain "bounded differentiable" maps [30] (which we call "MC 1 -maps" to avoid 
confusion with Colombeau's venerable "bounded differential calculus"). Miiller 
does not need to introduce gradings on F and work with "tame" smooth maps as 
in the case of the Nash-Moser Theorem. Rather, he equips F with a translation 
invariant metric d defining its topology (in which case (F, d) is called a "metric 
Frechet space"), and then introduces metric concepts which strongly depend on 
the choice of d. Using d systematically, he succeeds in adapting many familiar 
arguments and results from the Banach case to the Frechet case, and obtains a 
simple and natural proof of his inverse function theorem. 

Miiller asserts (see [30, § 5]) that the metric approach is general enough to cover 
some of the standard applications of the Nash-Moser Theorem (like those given 
by Hamilton [19]). But this claim is too optimistic, as shown by Hiltunen [22] (cf. 
also Section 2 below). Rather, the metric approach (and its variants described 
in the current article) should be seen as a method which yields very strong con- 
clusions, but only in quite restrictive situations. 1 Despite its natural limitations, 
the method produces valuable new results (and we shall even encounter novel 
aspects of differential calculus in Banach spaces in this article). 

One of the essential ideas of Miiller is to replace the (unwieldy) space C(E, F) of 
all continuous linear operators between metric Frechet spaces (E, d) and (F, d') 
by the space 2 

£d,d'{E, F) 

of all linear maps from E to F which are (globally) Lipschitz continuous as 
mappings between the metric spaces (E,d) and (F,d'). Then Cd,d' {E , F) is a 
vector space, and also a topological group under addition with respect to the 
topology defined by the complete metric (A, B) i— > \\A — B\\d t d', where 

d'(A(x),0) 

sup 



xeE\{o} d(x,0) 

is the (minimal) Lipschitz constant Lip(^4) of A e Cd,d>{E, F). The spaces 
£d,d'(E,F) have good properties which would be impossible for £(E,F) (cf. 
[27]): For example, the evaluation map Cd,d'(E, F) x E — > F is continuous, and 
Cd{E) := £d,d{E, E) is a topological ring with open unit group Cd(E) x and con- 
tinuous inversion C d (E) x — > £ d (E) x , A i-> A^ 1 . 

In the present article, we combine Muller's ideas with the approach to implicit 
functions from topological vector spaces to Banach spaces developed in [17]. In 



1 See [22] for a class of examples to which the method does not (and was not intended to) 
apply. In the case of bounded metrics, this is also clear from our Propositions 2.9 and 2.13, 

2 We use the notational conventions of the present article here, rather than those from [30]. 
Also, we tacitly assume that d and d' have absolutely convex balls. 
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contrast to Miiller, we formulate all of our results in a standard setting of dif- 
ferential calculus: Our C^-maps are C^-maps over K E {R, C} in the sense of 
Michal and Bastiani (also known as Keller's C^-maps). 3 These are the maps 
widely used as the basis of infinite-dimensional Lie theory (except for the litera- 
ture based on the convenient differential calculus as in [26]). By contrast, Miiller 
uses "bounded differentiable" maps (MC 1 -maps): these are C 1 -maps / : U — > F 
from an open subset U C E of a metric Frechet space (E, d) to a metric Frechet 
space (F,d') such that f'(U) C £ d4 ,(E,F) and /' : U C d<d ,{E,F) is contin- 
uous (where f'(x): E — > F is the differential of / at x). For our results, this 
continuity property is not required, and this is a real advantage because the class 
of MC 1 -maps can be quite small in some cases (see Remark 2.16). 

Among our main results is the following Implicit Function Theorem for Keller 
C,? -maps from arbitrary topological vector spaces to Frechet spaces. 

Theorem A (Generalized Implicit Function Theorem). Let K E {R, C}, 

E be a topological K-vector space, F be a Frechet space over K, and / : UxV ^ F 
be a C^-map, where U C E and V C F are open sets. Given x E U , abbreviate 
fx '■= /(#)•)• V —> F. Assume that f(xo,yo) = for some (xo,yo) E U x V 
and that f' Xo {yo)'- F — > F is invertible. Furthermore, assume that there exists a 
translation-invariant metric d on F defining its topology such that all d-balls are 
absolutely convex and 



Then there exist open neighborhoods Uq C U of Xq and Vq C V of yo such that 



for a C^-map A: Uq — > Vq. 

Note that Theorem A also covers the case of complex analytic maps (in the usual 
sense, as in [4]) because a map from an open subset of a complex topological 
vector space to a complex locally convex space is if and only if it is complex 
analytic (see [3, Propositions 7.4 and 7.7]). We can also deal with local inverses. 

Theorem B (Local inverses for C fe -maps between Frechet spaces). Let 

F be a Frechet space over K E {R,C} and f : U — > F be a C^-map on an open 
subset U C F, where k E N U {oo}. Let x E U. If f'(xo) ■ F — > F is invertible 
and there exists a translation-invariant metric d on F defining its topology such 
that all d-balls are absolutely convex and 



sup iiid F -4>or7^)iu d < i. 



(i) 



(x,y)GUxV 



{{x,y) EU a xV : f{x,y) = 0} = graph A 



sup||idF-/'(a;or7'(a0lkd < 1 



(2) 



3 See [2], [9], [18], [19], [28] for discussions of such maps, in varying generality. 
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then there exists an open neighborhood Uq Q U of xq such that f(Uo) is open 
in F and f\ Uo : U -> f{U ) is a - 



We remark that, slightly more generally, (2) can be replaced by the following 
condition: There exist isomorphisms S,A,T: F — > F of topological vector spaces 
such that S o A o T e C d (F) x and 

sup ||5 o (A f'(x)) o T\\ d4 < 1 . (3) 

xeu \\{boAoT) L \\ d .d 

Likewise, (1) can be replaced by the condition: There exist isomorphisms of 
topological vector spaces S,A,T: F —> F such that ^oioTe £d(F) x and 

sup \\So(A-f>(y))oT\\ d4 < 1 . (4) 

(x, y )euxv \\(boAoT) L \\ d ,d 

Both Theorem A and B will be deduced from a suitable "Inverse Function The- 
orem with Parameters" (Theorem 5.1), dealing with families of local diffeomor- 
phisms. This theorem is our main result (whence we should count it as Theo- 
rem C, although we shall not restate it here in the introduction). As a technical 
tool, in Section 3 we prove C fc -dependence of fixed points on parameters, for 
certain "uniform families of special contractions" (as in Definition 3.6 below): 

Theorem D (Dependence of Fixed Points on Parameters). Let (F,d) 
be a metric Frechet space over K G {R, C} with absolutely convex balls, and 
E be a topological WL-vector space. Let P C E and U C F be open sets, and 
f ': P x U — > F be a continuous map such that f p := f(p, .) : U — > F defines a 
uniform family (f p ) p eP of contractions. Then the following holds: 

(a) The set Q of all p G P such that f p has a fixed point x p is open in P. 
Furthermore, the map (f>: Q — > U, 4>(p) := X'p IS continuous. 

(b) If f is for some k e NU{co} and (f p ) P ep is a uniform family of special 
contractions, then also <f> is C£. 

Variants for non-open domains. We mention that, if E is locally convex, 
then Theorem A and Theorem D hold just as well if U C E (rcsp., P C E) is a 
locally convex subset with dense interior. Our proofs also cover these variants. 

The case of mappings into Banach spaces. In the case of mappings into 
Banach spaces, we recover the inverse function theorem with parameters and the 
theorem on implicit functions from topological vector spaces to real or complex 
Banach spaces from [17]. The proofs of Theorem A and Theorem D are direct 
adaptations of the proofs in [17]. 

Applications to ODEs in Frechet spaces. In Section 10, we prove exis- 
tence, uniqueness and C fc -dependence on parameters for C fc -solutions to suitable 
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ordinary differential equations in Frechet spaces. Our results (recorded as Theo- 
rem 10.3) are slightly more general than the following. 

Theorem E (Existence and Uniqueness Theorem for ODEs in Frechet 
Spaces). Let (F,d) be a metric Frechet space over R, with absolutely convex 
balls. Let k G No U {oo}, J C R fee an interval, E be a locally convex space 
and P C E as well as U C F be open subsets. Let f : J x U x P — > F be a 
C^-map which satisfies a local special contraction condition (SCC) in its second 
argument (as in Definition 9.5). Let to G J, xq G U and po G P. Then there 
exist open neighborhoods U\ C U of xo, Pi Q P of po and r > such that for all 
(xi,pi) E Ui x Pi and t\ G J\ := ]to — r, t + r[ n J, the initial value problem 

x'(t) = f(t,x(t), Pl ), x'(h) = x x (5) 

has a unique C^-solution 4>t 1 . Xl ,p 1 ■ J\ —> U and also the following map is C^: 

Ji x Ji x Ui x Pi -> U , *(*i,t,o;i,pi) := <j) tl , Xim {t) ■ 

To prove Theorem E, we use Theorem A and a Lipschitz version thereof (Corol- 
lary 4.5), combined with some preparatory results concerning differentiability 
properties of pushforwards depending on parameters provided in Section 9. We 
remark that, if (F, ||.||) is a Banach space and d(x,y) = \\x — then the local 
SCC can be replaced with the ordinary local Lipschitz condition (in the middle 
argument) for /. If also the space of parameters E is a Banach space, then 
an analogue of Theorem E for k times continuously Frechet diffcrentiable maps 
(FC k -m&ps) is known (see the classical literature or also [6, §3.1, Theorem 1.1], 
where F is assumed finite-dimensional and k > 1). But for Keller C^-maps, the 
result is new even in the Banach case. 

Global Inverse Function Theorems for Frechet Spaces. Beyond the stan- 
dard theorems on local inverses, there is Hadamard's Global Inverse Function 
Theorem for continuously Frechet-differentiable self-maps of a Banach space (see 
[5, Chapter II.C, §4, Theorem 1], [6, Chapter 2, Theorem 3.9], or [25, Theo- 
rem 6.2.4] for a more restricted version). In Section 8, we prove analogous global 
inverse function theorems for self-maps of a Frechet space, both for C fc -maps 
(Theorem 8.1) and MC fc -maps (Theorem 8.3). 

Further variations. In [30], one also finds a discussion of left and right in- 
verses. Along the lines of Theorem C and its proof, one could use Theorem D 
also to prove parameter-dependent versions of these one-sided inverse function 
theorems, providing left (resp., right) inverses depending on a parameter in a 
general topological vector space. However, we refrain from doing so here and 
prefer to concentrate on the central results. 

Prospects. As the next stage, it would be interesting to study examples and to 
explore the scope of the approach. For example, it might go along well with cer- 
tain topologically nilpotcnt Frechet Lie algebras and corresponding Lie groups. 
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Complications of metric differential calculus. Let us mention in closing 
that a problem has been overlooked in [30] : Contrary to claims made there (after 
[30, Definition 3.13]), £d,d>(E, F) is not always a Frechet space. In fact, examples 
show that Cd.d'(E, F) is, in general, not a topological vector space because balls 
around are not absorbing (see Proposition 2.2). It merely is a locally convex 
vector group in the sense of Raikov (as in [33], also [1]). Fortunately, this does 
not endanger the use of higher order differentiability properties in [30] (as clari- 
fied in Remark 2.17). It implies, however, that the class of MC 1 -maps is quite 
small in many typical situations (see Remark 2.16). 

Another comment concerns the type of metrics used by Miiller: These are some- 
what problematic, because they need not have convex balls (see Remark 1.12). 
By contrast, we prefer to use metrics with absolutely convex balls. 

1 Preliminaries and basic facts 

In this section, we set up our notation and terminology concerning differential 
calculus in infinite-dimensional spaces and mappings between Frechet spaces. 

Throughout the article, K G {K, C}. All topological vector spaces and all topo- 
logical groups are assumed Hausdorff. Our basic terminology concerning locally 
convex spaces follows [34]. We write N := {1, 2, . . .} and N :=NU {0}. 

Prerequisites concerning C fe -maps 

Naturally, we are mainly interested in results concerning mappings from open 
subsets of real or complex locally convex spaces to Frechet spaces. However, 
most of the results (and their proofs) apply just as well to mappings on open 
subsets of non-locally convex spaces, and also to mappings on suitable subsets 
with dense interior. Since mappings on non-open sets are useful and frequently 
encountered in infinite-dimensional analysis and Lie theory, we present our results 
in full generality. This is also vital for our main application: The approach to 
ODEs in Frechet spaces in Section 10 hinges on the consideration of C fe -maps on 
sets of the form [0, 1] x U, with U an open subset of a locally convex space. 

The exact framework of differential calculus will be described now. 

Definition 1.1 Given K £ {K, C}, let E be a topological K- vector space and 
F be a locally convex topological K-vector space. If E is not locally convex, 
let U C E be an open set. If E is a locally convex space, then more generally 
let U C E be a subset with dense interior which is locally convex in the sense 
that each x e U has a convex neighborhood V C U (and hence arbitrarily small 
convex neighborhoods). Let /: U — > F be a map. The map / is called if 
it is continuous. The map / is called if it is continuous and there exists a 
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(necessarily unique) continuous map df : U x F — > F such that 

df{x,y) = Inn 

for all x in the interior U° of U and all j/ G F (with O/tGK sufficiently small) . 
Since U x E is open in E x F (resp., a locally convex subset with dense interior), 
we can proceed by induction: Given k G N, we say that / is C* +1 if / is C& and 
df: U x £ -> F is C£. We say that / is if / is C£ for each fc G N . If K is 
understood, we simply write C k instead of Cj|, for k G No U {oo}. 

If /: E D U — > F is C^, then /'(a;) := df (a;, .) : £7 — > F is a continuous K-linear 
map (cf. [18, Chapter 1] and [9, Lemma 1.9]). 

If U C K, we shall occasionally write f'(x) also for /'(x)(l) = j^f(x), in partic- 
ular when dealing with solutions to differential equations. It will always be clear 
from the context which meaning of f'(x) is intended. 

At some places, we use an alternative approach to C^-maps based on continuous 
extensions / W of directional difference quotients, which even remains meaningful 
for mappings into non-locally convex spaces. 4 This alternative approach is not 
an unnecessary ballast, but invaluable for our purposes, because the proof of our 
main technical result (Lemma 3.8) is best formulated in terms of the maps /W. 

Definition 1.2 Let F and F be topological K-vector spaces over K G {K, C} and 
U C E be a subset with dense interior. Given a map f:U — > F, its directional 
difference quotients 

- f ^ + ty j- f{x) (6) 

make sense for all (x,y,t) G E/ x E x IK X such that x + ty <E U. Allowing now 
also the value t = 0, we define 

[/W : = {(x,y,t) G f/ x F x K: x + ty G t/} 

and say that f:U — > F is if / is continuous and there exists a (necessarily 
unique) continuous map 

which extends the difference quotient map, i.e., f^(x,y, t) = f^(x,y,t) for all 
(x,y,t) G J/I 1 ! such that t ± 0. 

Remark 1.3 If / is in the sense of Definition 1.2, then the mapping 
d/ : t/ x F — > F, <i/(x, y) := /I 1 ! (x, y, i) is continuous and the differential f'(x) := 
df(x, .) : F — > F is continuous linear, for each x E U (cf. [3, Proposition 2.2]). 

4 As introduced in [3] for maps on open sets and in [17] for maps on sets with dense interior. 
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We mention that no ambiguity occurs because if E, F and U C E happen to 
satisfy the hypotheses of both Definition 1.1 and Definition 1.2, then a map 
f:EDU — > F is Cjj in the sense of Definition 1.1 if and only if it is in the 
sense of Definition 1.2 (cf. [3, Proposition 7.4] or [18, Chapter 1]). 

1.4 We need two versions of the Chain Rule (cf. [9, Proposition 1.15], [18, Chap- 
ter 1] and [3, Proposition 3.1]): 

(a) If E, F and H are topological K-vector spaces, U C E and V C F are 
subsets with dense interior, and f:U—>VCF,g:V—>H are C^- 
maps, then also the composition g o f: U — > H is C^, and (5 o f)'(x) = 
g'U{x)) o /'(x) for all jc e 17. 

(b) Let Ehe a, topological K-vector space and F as well as H be locally convex 
topological K-vector spaces. Let U C E be open (if £7 is not locally convex) 
or a locally convex subset with dense interior (if E is locally convex). Let 
V C F be a locally convex subset with dense interior. If k G No U {00} 
and both f:U^VCF and g: V — > £T are C^-maps, then also their 
composition 50/: {/ — > _ff is C^. 

Given a linear map A: E — > F between vector spaces, we shall frequently 
write Ax instead of A(x). 

Metric Frechet spaces and linear, Lipschitz maps 

Given a metric space (X, d), we write B^.(x) := {y £ X : d(x, y) < r} for x G X 
and r € [0, 00 [ and i?^^) := {y e -X" : d(o;,2/) < r} if r > 0. If d or 1 is 
understood, we also write B*{x) for Bf{x), or simply B r (x). Likewise for B r (x). 

1.5 A metric Frechet space is a Frechet space F, equipped with a metric 
d: F x F — > [0, 00 [ defining its topology which is translation invariant, i.e., 
d(x + z,y + z) = d(x,y) for all x,y,z G F. In this case, we define ||ar||<j := 
d(x,0) for x G F and note that cZ can be recovered from \\.\\d - F — > [0, oof via 
d(x,y) = \\x — y\\d- Recall that a 0-neighborhood ?7 C F is absolutely convex if it 

is convex and balanced, i.e., B 1 (0)U C [/. We say that d ftas symmetric (resp., 

balanced, resp., convex, resp., absolutely convex) balls if -B r (0) = —B^(0) (resp., 

B r (0) is balanced, resp., it is convex, resp., absolutely convex) for each r > 0. 
Then Bf (0) has analogous properties, for each r > 0. 

Example 1.6 Every Frechet space F admits a translation invariant metric d 
which has absolutely convex balls and defines the topology of F. In fact, pick 
any sequence w — (i^n)n£N of real numbers w n > such that lim n ^oo w n = 0, 
and any sequence p — (p n ) n eN of continuous seminorms p n : F — > [0, oof which 
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define the topology of F in the sense that finite intersections of sets of the form 
p~ 1 ([0,e[) (with n G N, e > 0) form a basis of 0-neighborhoods in F. Then 



Pn(x - y) 
nen >-+Pn{x-y) 

is a metric with the desired properties. 



d WtP : F x F — > [0, oo[, d w , p (x,y) := supw„ — 

nCN t 



Metrics of the form d^ iP (as just defined) will occasionally be called standard 
metrics in the following. 

Lemma 1.7 Lei (F,d) be a metric Frechet space with balanced balls, t G K 
and x G F. T/ien < ||x|| d i/ i| < 1; ||ix||<2 = |x|| d i/ \t\ = 1; and 

< 2|<| • ||x||d «/ \t\ > 1. In ant/ case, 

||tx|| d < max{l,2|i|} ||ar|| d . (7) 

Proof. The first assertion is clear since £?|| x || d (0) is a balanced 0-neighborhood. 
The second assertion follows from the first and the observation that also ||ar||d = 
||i _1 (ia;)|| d < Hi^lld by the first assertion, if \t\ = 1. If \t\ > 1, set n := [\t\] + 1 > 
using the GauB bracket (integer part). Then ||£ar||d < ||nor||d < n||a;||d < 
2\t\-\\x\\ d . □ 

Definition 1.8 Given metric Frechet spaces (E, d) and (F, d'), we let Cd,d' (E, F) 
be the set of all linear maps A: E — > F such that 

\\A\\ d4 , := sup M± < oo. (8) 

xeE\{V} \\ x \\d 

We abbreviate Cd{E) := Cd,d{E,E); occasionally, we write \\A\\d := || A||d,d for 
A G Cd{E) (as there is little risk of confusion with ||a;||d := d(x,0) for x G E). 

Condition (8) means that A is Lipschitz continuous as a map (E,d) — ► (F,d'). 
To prevent misunderstandings, let us mention that although f'(x) denotes the 
differential of /, we shall frequently use the symbol d! in a different meaning (it 
denotes a metric on the range space of a map). 

Remark 1.9 The following simple properties of Cd,d>{E,F) and the functions 
||-||<i,(Z' will be used later. 

(a) In the situation of Definition 1.8, 

\\A.x\\ d > < \\A\\d4'\\x\\d for all x e E, (9) 

as is clear from the definition of Furthermore, G Cd,d'(E, F) with 

II 1| d,d' = and 

\\AWw > if Ae C d ,d>(E,F)\{0}, (10) 

because there is a x G E with A. x =/= and thus \\A\\d d' > ^rrr^ > 0. 

II- 1 Ik 
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(b) If also (G,d") is a metric Frechet space, then 

\\BoA\\ d4 „ < \\By !d 4A\\ d!d , for Ae£ d4 ,(E,F), B&C d , 4 „{F,G), (11) 
as an immediate consequence of (9). 

(c) If A,B E C d .d' (E,F), then also A + B G C d4 , (E, F) and 

\\A + B\\ d4 , < \\A\\ dtd , + \\B\\ dtd , < oo, (12) 

because UA ^f"' < l ^ff + l ^f- < \\A\\ d>d , + \\B\\ d , d . for all x 6 
E \ {0}. Thus C d ,d'{E, F) is a monoid under addition. 



\-Ax\\ d , _ \\A.x\\ d , ( \\-Ax\\ d , 

I J-±CJjCJ l)J111111VjU11^ l_/CAjiiO . Ull^ll " — 1 1 - ' 

l|A( ~ rr)L ' ), entailing that -A G £ d .d>(E,F) and 



(d) If d' or d has symmetric balls, then 11 = H^ia ( res P-7 



\\-A\\ d .d' = \\A\\ d ,d>, for each A e £ d ,d> (E, F). (13) 

Hence £d,d<{E,F) is a subgroup of F E in this case, and it follows from (a) 
and (c) that 

D dtd ,:C d , d .(E,F)xC d , d .(E,F)^[0,oo[, {A, B) ^ \\A - B\\ d4 , (14) 

is a translation invariant metric on the abelian group £ d ,d'(E, F) which de- 
fines a topology on C d ,d'{E, F) turning the latter into a topological group. 
We shall always equip £ d , d '{E 1 F) with the metric D djd i and the corre- 
sponding topology. 

It is essential to have estimates on the size of integrals. 

Lemma 1.10 Let (F,d) be a metric Frechet space with convex balls, 
7: [0, 1] — > F be a continuous curve. Then 



f 

Jo 



1 

■y(t) dt 



< max IMt)!!*. (15) 



d 

Proof. Set r := max te [ 0-1 ] ||7(i)ll<J- The ball B := B r (0) is convex and contains 
"f(t) for each t G [0, 1]. Each Riemann sum of 7 is a convex combination of values 
of 7, whence it lies in B. Since B is closed, it follows that also the limit j Q -y(t) dt 
of the Riemann sums lies in B. □ 

We record a variant of [30, Proposition 3.18]: 

Lemma 1.11 Let (E, dp) and (F, dp) be metric Frechet spaces such that dp has 
absolutely convex balls. Let U C E be a convex subset with non-empty interior 
and f ': U — > F be a C x -map. Then 

\\f(y)-f(x)\\d F < \\y-x\\d E - sup \\f(x+t(y-x))\\d E ,d F for all x,y eU. (16) 

t€[0,l] 
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Proof. Apply (15) to 7: [0,1] -> F, j(t) = f'(x + t(y - x)).{y - x) with 
j Q i{t)dt = f{y)- f(x) and use (9) to estimate \\f'(x + t(y - x)).{y - x)\\ dF . □ 



Remark 1.12 We warn the reader that, in the situation of Example 1.6, the 
metric D on F given by D{x,y) := J2^=i \+p X (x\) does not nave convex 
balls in general. For instance, M N with D(x,y) := Y^Li ^""ife 1 ^%T~\ °- oes n °t 
have convex balls. To see this, let e„ := (0, . . . , 0, 1,0,...) G R N with 1 only in 
the n-th slot. Then v\ := 10ei and V2 := 10e2 are elements of the ball Bi (0), 
but jvi + jv 2 & ^i(0) because + \\d = § > §■ 

Since not all of the D-balls are convex, it is not clear whether Formula (16) also 
holds if the metric D is used. The contrary is claimed in [30, Proposition 3.18], 
but the author cannot make sense of its proof. 5 This may be a serious problem 
for [30], because sums of metrics are used in the main results of that paper. 

For many of our main results (outside Section 2), the crucial point is the validity 
of Lemma 1.10, rather than the absolute convexity of balls. As long as balls are 
balanced, the validity of the lemma should suffice to carry out the proofs. 

2 The space Cd,d'(E, F) and linear contractions 

In our studies, linear contractions A: F — > F of a metric Frechet space (F, d) 
will play an important role, i.e., mappings A G Cd{F) such that < 1- 

It is therefore useful to know how linear contractions look like, and moreover 
elements in Cd(F) close to 0. With this motivation, in the current section we 
discuss the groups £d,d'(E,F) and the associated group norms ||.||<j,d' in more 
detail. In particular, we shall see that although £ d _ d >(E,F) is a vector space 
if d' has absolutely convex balls, it frequently happens that C dl d'(F,F) is not a 
topological vector space. We also discuss various examples which illustrate the 
concept of a linear contraction, and hint towards the limitations of the theory. 

Although neither the vector space structure on C dyd i (E, F) nor other results of 
this section will be used later, 6 they seem indispensable for a deeper understanding. 

The following proposition slightly expands [30, Theorem 4.2]. We relegate its 
simple proof to Appendix A. 

Proposition 2.1 Let (E,d) and (F,d') be metric Frechet spaces such that all 
d! -balls are absolutely convex. Then the following holds: 

(a) C dtd /(E, F) is a vector subspace of F E . 

5 No clear explanation is given for the first inequality in the proof of [30, Proposition 3.18]. 
6 Exccpt for the definition of MC fc -maps. 
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(b) The evaluation map £d,d>{E,F) x E — > F, (A,x) ^ A.x is continuous 
bilinear. 

(c) If also (G,d") is a metric Frechet space with absolutely convex balls, then 
the composition map 

C d ,, d „(F,G) x£ d>d ,(E,F)^£ d4 „(E,G), (A,B)^AoB 

is continuous bilinear. 

(d) D dt d> from (14) is a complete metric, and has absolutely convex balls. 

(e) £ d (E) is a unital associative K-algebra, and the topology defined by D d ,d 
turns L d {E) into a topological ring. 

(f) The group of units {A e £ d (E): (3B e C d {E)) B o A = Ao B = id E } 
=: Cd(E) x is open in Cd{E) and the inversion map l: £d(E) x — ► £d(E) x , 
A i ► A~ x is continuous. □ 

We recall that a locally convex vector group is K-vector space E, equipped with 
a topology making (E, +) a topological group and such that has a basis of 
absolutely convex neighborhoods (see [33], also [1, §9]). Unlike the case of a 
topological vector space, O-neighborhoods in E need not be absorbing. Quite 
surprisingly, we have: 

Proposition 2.2 In the situation of Proposition 2.1, C djd i{E,F) is a locally 
convex vector group. In some cases, C dtd >(E, F) is not a topological vector space. 
It can even happen that Cd,d'{E,F) is discrete {but ^ {0}). 

Proof. We already know that C djd '{E, F) is a topological group, a vector space 
and that all ||.||d,d'-balls around are absolutely convex. Hence £d,d>(E,F) is a 
locally convex vector group. 

To get an example which is not a topological vector space, equip R with the 
unusual metric d:Ixl^ [0, oo[, d(s,t) := 1 j | S |~_ t | ■ Then Aid R e C d (R) for 
each A G R, and 

||Aid K || djd > 1 for all AeR\{0}. (17) 

In fact, ||Aid K \\ d>d < max{l,2|A|} < oo by (7) and thus Aid R G C d (R). If A ^ 0, 
we have 

lim = lim ™ = 1 

t^oo d(t,0) t^oo Jt[_ 

v ' ; 1+lil 

and thus 1 1 A id^ \\d,d > 1- Hence is an isolated point in £ d (E.) and hence £ d (M) 
is discrete (being also a topological group). □ 
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Remark 2.3 In [30, p. 11], it is claimed that Cd,d'(E,F) always is a Frechet 
space (and hence a topological vector space), contrary to Proposition 2.2. If 
£d,d>{E,F) is not a Frechet space, then the map /": U — > Cd,d(E,F) used in 
[30, Theorem 4.7] requires interpretation, as well as the use of higher order dif- 
ferentiability properties in [30, Theorem 4.6] and its proof. However, a suitable 
interpretation is possible (see Definition 2.15). 

Our simple counterexample can be generalized further. 

Proposition 2.4 Let (F, d) be a metric Frechet space with absolutely convex 
balls, such that ||Ka;||d C R is bounded for some non-zero vector x G F (such x 
exists, e.g., if F ^ {0} and d has bounded image). Then Cd{F) is not a topological 
vector space. 

Proof. It is clear from the definition that || id_F \\d,d = 1, whence id ^ G Cd{F). 
We claim that pidi? \\d > 1 for all real numbers t > 0. If this is so, then 
||tidjr ||d -/-> as t — > 0, whence tidp -/-=> in Cd{F). Thus scalar multiplication 
K x £d(F) — ► £d(F) is discontinuous. To prove the claim, let x be as de- 
scribed in the proposition. Since d has convex balls, the map h: [0, oo[^ [0, oo[, 
h(s) :— \\sx\\d is monotonically increasing. Because h is bounded by hypoth- 
esis and h(l) = \\x\\d > 0, the limit lim^oo h(s) exists and coincides with 
a := sup h([0, oo[) > 0. For each s > 0, we have 

„ . , ,1 \\tid F {sx)\\d h(ts) 

\\tia F \\d,d > 1] [j = T7T • (loj 

||sx||d h(s) 

For s -> oo, the right hand side of (18) tends to f = 1. Thus ||tid F || did > 1. □ 
We record a crucial property of the metrics d WtP from Example 1.6. 

Lemma 2.5 Assume that w = (w n ) nl =m is monotonically decreasing in the sit- 
uation of Example 1.6. Given non-zero vectors x,y G F, there exist minimal 
numbers n,m G N such that p n (x) > and p m (y) > 0, respectively. Then 

sup > ^ . (19) 

tGK x d WlP (tX,0) W n 

Proof. Abbreviate d := d w , p . For each t G K x , we have pk(tx) — for k < n 
and thus \\tx\\ d <w n , entailing that > ^ > ^i^^y • Since the right 

hand side tends to as \t\ — > oo, the assertion follows. □ 

The following example shows that Cd{F) can be quite large. 

Example 2.6 Let (F„, ||.||„)„ eN be a sequence of Banach spaces and w — (^n)n^N 
be a sequence of real numbers w n > such that lim^oo w n — 0. We turn the 
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direct product F := Y\ n ^F n into a metric Frechet space using the translation 
invariant metric D : F x F — > [0, oo[, 

(x, y) i ^ sup w„ Pn(xn,y n ) for x _ and = (y n ) neN i n F 

„ eN l+Pn{Xn,y n ) 

with absolutely convex balls. Then IlneN^™ e £-d{F) for all A„ G C{F n ) 
such that cr := sup„ gN ||Ai|| < 00 holds for the operator norm, exploiting that 

[kVfnjln < \\A n \\-\\x n \\ n < a\\x n \\ n < ri 9^.1 ll^ll f i „ c M 

l+ll^.^lu ^ i+M„||-|| a; „|U - i+ ff |k„||„ ^ max|l,2o-} i+n^^ tor each nEH 
and i„ € F n (using Lemma 1.7). 

If C d (F) ^ {0}, then Cd{F) need not contain any linear contractions except for 0, 
as we have seen in the proof of Proposition 2.2. The next example describes a 
situation where contractions exist in abundance. 

Example 2.7 Let a G ]0, 1[ and equip R N with the metric 

rf:l N xl H ^[0,oo[, d(x,y) := sup a" l*""^ , 

„ eN l + |.x„-y„| 

Let S: M. N -> K N , ir = (x„)„ eN (0, £1,0:2, . . .) be the right shift. Then S is a 
linear contraction of (M N , d), with ||S||<i i( 2 = a (as is clear from the definition of d). 
If a < I (and hence < 1), let (^n)neN be a sequence in R such that |i„| < 1 
for each n G N. Since £~ 1 ||t n S»|| d < £~ 1 < E~ 1 «" - 1^ < 00, 

the series Yl^Li ^n^™ then converges in £,j(IR N ), and its limit A is a contraction 
with \\A\\ d4 <j^<l. 

General contractions of (M N , d) share a property of the shift. 

Proposition 2.8 Let d be as in Example 2.7 and F n := r{™,"+i>™+2,- } c R N 
/or neN. If Ae £ d (R N ) a«d < 1, iften i/iere eiiste £ G N sucft i/iai 

A.F k C /or eoc/i fc G N. (20) 

Moreover, (20) /10/ds /or eac/i £ G N such that \\A\\ d , d < a l ~ x . 

Proof. If the first assertion is false, there exists / 1 e ft for some fc such that 
y := A.x ^ Fk+i- Let n and m be as in Lemma 2.5. Then n > k and m < k. 
Hence ||A||d,d > fp- > ^ = 1, contradicting the hypothesis that < L 

If the final assertion is false, instead we find x with y = A.x G" Fk+t- Then 
m < k + 1 - 1 and we conclude as before that \\A\\ dd > ^ > Wk + 1 - 1 = a 1 ' 1 , 
contradicting the choice of I. □ 

Each standard metric d WtP (with w monotonically decreasing) goes along with 
a filtration F — Fq D Fi D F2 3 • • • of closed vector subspaces of F, as we 
shall presently see. Each linear contraction A: F — > F satisfies A.Fk C Fk+i for 
each k and hence behaves, essentially, like the contractions of M N just discussed. 
More generally, repeating the argument used to prove Proposition 2.8, we see: 
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Proposition 2.9 Let E and F be Frechet spaces. Let d := d WtP d' := d VtQ 
be metrics on E, resp., F of the form described in Example 1.6, such that the 
sequences (w„)„ e n and (v n ) ne ^ are monotonically decreasing. Set E :— E and 
E k ■■= Hj^iPj 1 ^) f° r keN. Then E = E D E 1 D E 2 2 ■ ■ ■ is a descending 
sequence of closed vector subspaces of E such that H/ceN E k — {0}. Likewise, set 
F := F and F k := f|J =1 qj\0). If A G C d , d .(E,F) and \\A\\ d . d , < 1, then there 
exists I e N such that 

A.E k C F k+e for each k G N. (21) 
Moreover, (21) holds for each £eN such that \\A\\ dtd , < inf { Vk + e - 1 : k G N}. □ 

Let us sum up our observations and discuss their relevance concerning linear 
contractions. We have seen that, if ^ A G C d (F), then tA need not be a 
contraction for any t =/= (no matter how small). This naturally leads to the 
question which elements A G C d {F) have the property that lim t ^ tA = 0. Since 
\\tS\\ d = a for each teK x such that \t\ < 1 in the situation of Example 2.7 (as a 
consequence of Lemma 2.5), we see that lim t ^ tA = need not even hold if A 
is a contraction. 

Because £ d}d >(E,F) is a locally convex vector group, the following proposition 
provides in particular a characterization of those A G C d , d i (E, F) such that tA 
can be made arbitrarily small. 

Proposition 2.10 Let E be a locally convex vector group over K and E be its 

connected component ofO. The following conditions are equivalent for x G E: 

(a) tx — > in E as t — > in K; 

(b) The map K — > E, t tx is continuous on K with the usual topology. 

(c) x G E . 

Furthermore, E n coincides with the path component of and E is the largest 
vector subspace of E which is a topological vector space in the induced topology. 
Also, Eq — f]jj ~KU, where U ranges through the set of all absolutely convex 
-neighborhoods in E. 

Proof. For each absolutely convex 0-ncighborhood U in E, the set KU = 
UneN n U V is an open vector subspace of E and hence also closed. It follows 
that E C Ply K U. Since U (~l V is absorbing in V for each absolutely convex 
0-neighborhood U C E (by definition of V) and furthermore U fl V is absolutely 
convex, we deduce that the topology induced by E on V is a vector topology. 
Hence V is connected and thus V Q E . Hence V — E . 

(a)=>(b): If tx — > as t — > 0, then the homomorphism of additive groups 
K — > 1 1 — > tx is continuous at and hence continuous. 
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(b) =>(c): If the map f:K^E, f(t) := tx is continuous, then /(K) is path 
connected and G /(K), whence /(K) C £J - But i = /(l)e4 

(c) =>(a): If x G i?o, then lim t _o to = because E is a topological vector 
space, as observed at the beginning. □ 

The identity component Cd(F)o of Cd(F) is a two-sided ideal in Cd{F) and hence 
a (not necessarily unital) subalgebra. It has beautiful properties. 

Proposition 2.11 Let (F,d) be a metric Frechet space over K with absolutely 
convex balls. Then Cd(F) is a Frechet space and a so-called continuous quasi- 
inverse algebra, i.e., £ d (F)o is a (not necessarily unital) locally convex, asso- 
ciative topological K- algebra whose group Q(£ d (F)o) of quasi-invertible elements 
is open in C d (F) and whose quasi-inversion map Q(C d (F) ) — ► Q(C d (F) ) is 
continuous (hence C£? , and even K-analytic). In some cases, idp £ £ d (F)o- 

Proof. Since £ d (F)o is a topological vector space and closed in the complete 
metric abelian group C d (F), it is a Frechet space. Since C d (F) is a topological 
ring with bilinear multiplication, £ d (F)o is a topological algebra. Let A G £ d (F)o 
with \\A\\ d < 1. Then id F -A G C d (F) x and (id F -A)- 1 = £~ =0 A n = id F -B 
with B := J2n=i An e £d(F) a (see [30, Theorem 4.1]). Here B is the quasi- 
inverse of A in Cd(F) and hence also the quasi-inverse of A in Cd(F) , since 
B G Cd(F) (see [11, Lemmas 2.3 and 2.5]). Thus Q(C d (F)o) is a 0-neighborhood 
in £d(F) and hence open, by [11, Lemma 2.6]. The inversion map Cd(F) x — > 
Cd(F) x is continuous by [30, Theorem 4.1], whence also the quasi-inversion 
q: Q(C d (F)) — ► Q(C d (F)) is continuous. As a consequence, the quasi-inversion 
map go of £<j(F)o is continuous on some 0-neighborhood (because we have seen 
above that it coincides with q on some 0-neighborhood). By [11, Lemma 2.8], this 
implies continuity of qo on all of Q(C d (F)o). Now qo is C^ 9 and even K-analytic 
automatically (cf. Lemma 3.1, Proposition 3.2 and Proposition 3.4 in [11]). Here, 
K-analyticity is understood as in [4], or as in [28] and [9]. 7 To complete the proof, 
we recall that t id^ in £d(K) as t — > for d as in the proof of Proposition 2.2. 
Hence id K g C d (M) . □ 

Unfortunately, it frequently happens that Cd(F) — {0}, as the next example 
shows. This can occur even if the set of contractions is large and C d (F) is non- 
discrete (in which case C d (F)o is not open in C d (F)), for instance in the situation 
of Example 2.7. 

Example 2.12 Consider a Frechet space F, equipped with a standard met- 
rics d = d WtP , where w — (w n )neN is of the form w n = a n for some a G ]0, 1[. 
Set F := F and F k := ff^pj 1 ^). Then C d (F) Q = {0}. To see this, let 
A e C d (F) . Given I G N, wc find t G K \ {0} such that \\tA\\ d , d , < a 1 ' 1 . 
Since a 1 - 1 = inf { "" c ^" 1 : k G N}, we deduce with Proposition 2.9 that AF = 

7 Since Cd(F)o is a Frechet space, real analyticity as in [4] coincides with real analyticity as 
in [28] and [9] (cf. [4, Theorem 7.1]). 
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tA.F = tA.Fo C Ft. As t was arbitrary, it follows that A.F C f\ eN -^ = {°} 
and so A = 0. 

The preceding example extends to much more general situations, due to the 
following proposition. 

Proposition 2.13 Let (F,d) be a metric Frechet space with absolutely convex 
balls, and such that d is bounded, say d(F X F) C [0, M] with some M E ]0, oo[. 
Then there exists a sequence p = (p n )neN of continuous seminorms p\ < p 2 < ■ ■ ■ 
on F such that that idi?: (F,d) — » (F,D) is a quasi-isometry for the standard 
metric D = d WiP with w = (2~ n )„ £ N- More precisely, 

\\\x\\d < \\x\U < max{4,4M}||a;||r, for all x £ F. (22) 

Proof. We define C n :— B 2 -n(0) for n E N and let p n :— nc n be the Minkowski 
functional of C n (as in [34, § 1.33]). Then p\ < p 2 < ■ ■ ■ is an ascending sequence 
of continuous seminorms on F, with unit balls ~B^" (0) — C n . Let ^ x E F. We 
first verify the second inequality in (22). 

If ||a;||d > \, then x £ C\ and hence p\{x) > 1, whence \\x\\ D > \ x+p\_(x) > \ — 
4jj\\x\\ d , as required. 

If \\ x \\d < 5: there exists a minimal n E N such that 2~" < \\x\\ d . Then p n (x) > 1 
and thus ||a;|| D > 2~" > 2""" 1 > \\\x\\ d , using in the last step that 

2-n+i > \\ x \\ d by minimality of n. 

To check the first inequality, pick n E N minimal such that 2~™ < \\x\\d- Then 
n > 2 (since \\x\\d < \ by definition of D), and 2 1_ " > ||x||£>. The defini- 
tion of \\.\\d as a supremum now entails that there exists m E N such that 

2 -m Pm(*) 2 -n_ Thcn / x > p m (x) 1^ Th 

p m (2"- m a;) > 1 and hence 2"-" l a; £ B[ m (0) = C m = £^_ m (0). Therefore 
2 -m < ||2™-™x|| d < 2 n - ,n \\x\\ d (using the triangle inequality) and hence \\x\\ d > 
2~ n > a 

Note that if idp: (F,d) —> (F,D) is a quasi-isometry, then C d (F) = Cd{F) 
and the identity map C d {F) — ► Cd(F) is a quasi-isometry for the metrics on 
operators determined by ||.||<j,d and Combination of Example 2.12 with 

Proposition 2.13 now shows: 

Corollary 2.14 If (F,d) is a metric Frechet space with a bounded metric and 
absolutely convex balls, then C d (F)o — {0}. □ 

Varying [30], we define maps with certain metric differentiability properties. 

Definition 2.15 Let (E, d) and (F, d') be metric Frechet spaces over IK, with ab- 
solutely convex balls. Let U C E be a locally convex subset with dense interior 
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and f:U — > F be a map. We say that / is MC^ if it is continuous. If / is Cjj, 
/'([/) C Cd.d'(E,F) and the map f':U—* £d,d'(E,F) is continuous, then / will 
be called an MC^-map. & We also write /(°) := / and := /'. If / is MC£, 
xq £ [/ and V £ U & connected open neighborhood of xq (e.g., an open convex 
neighborhood), then f'(V) is connected and hence contained in the connected 
component f'(x a ) + Cd,d>(E,F) of f'(x ) in £ d ,d'(E,F) (cf. Proposition 2.10). 
Thus f'\v — .f'(x ) ■ V — ► Cd,d'(E, F)o is again a map between subsets of Frechet 
spaces. This enables a recursive definition: 

If / is MC^ and V (as before) can be chosen for each x £ J7 such that 
/'|y - /'(a:o): ^ -> £ d ,d>(E,F) is MC*f \ then / is called an MC^-map, and 
we make a piecewise definition of via /^ly := (f'\v ~ /'(a;o))^ fc_1 ^ f° r 
and V as before. The map / is MCf if it is MC| for each k £ No. 

We mention that a suitable version of the Chain Rule holds: Compositions of 
composable MC^-maps are MC^ (see Lemma B.l (f) in Appendix B). 

Remark 2.16 In the setting of Corollary 2.14, we have £d(F)o = {0}, whence /' 
has to be locally constant for any map / : F D U — > F which is MC 1 . Therefore, 
locally around a given point x , f merely is an affine linear map (with linear part 
in Cd{F)), since the derivative of f-f'(xo) vanishes close to x . This observation 
shows that the class of MC 1 -maps (used as the basis of [30, Theorem 4.7]) can 
be quite small in some cases. By contrast, our Theorem B does not require 
continuity of x i— > f'(xo) f'(x) as a map into Cd(F). 

Remark 2.17 We mention that the topology on £d,d'(E,F) arising from the 
metric is not the only useful one: Occasionally, it might be convenient to equip 
£d,d>(E,F) with the translation-invariant manifold structure which makes 
£d,d'(E, F)o an open MC^-submanifold (and the corresponding finer topology). 

Besides the preceding definition of MC fc -maps between metric Frechet spaces, 
it might be interesting to explore the possibility of a metric differential calculus 
of MC k -maps in arbitrary metric locally convex vector groups. 

Presumably, to obtain a meaningful differential calculus for mappings between 
metric locally convex vector groups (E,d) and (F,d'), one should differentiate a 
map f:EDU — > F only along directions in E : thus df : U x Eq — ► Fq. 

Motivated by the fact that inverses in £d(E) x close to ids can be expressed in 
terms of the Neumann series, it would also be natural to consider a certain (re- 
strictive) class of analytic functions between metric locally convex vector groups, 
which arc locally given by series of (metrically) Lipschitz continuous, homoge- 
neous polynomials, with sufficiently strong convergence. 

8 These are Miiller's "bounded diffcrentiable" maps. We avoid his terminology because of the 
risk of confusion with Colombeau's venerable "bounded differential calculus," and also because 
not boundedness is the main feature of the approach, but Lipschitz continuity with respect to 
a given choice of metrics. 
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3 C fe -dependence of fixed points on parameters 

We now study the dependence of fixed points of contractions on parameters. In 
particular, we shall establish C fe -dependence under natural hypotheses. These 
results form the technical backbone of our generalizations of the inverse- and 
implicit function theorems. 

Definition 3.1 A mapping /: X — > Y between metric spaces (X,d x ) and 
(Y, dy) is called a contraction if there exists 9 G [0, 1[ (a "contraction constant") 
such that dy (f (x) , f (y)) < 9dx(x,y) for all x,y G X. 

Banach's Contraction Theorem is a paradigmatic fixed point theorem for con- 
tractions. We recall it as a model for the slight generalizations which we actually 
need for our purposes: 

Lemma 3.2 Let (X,d) be a (non-empty) complete metric space and f: X — > X 
be a contraction, with contraction constant 9 G [0, 1[. Then f(p) = p for a unique 
point pel. Given any x 6 X , we have lim^oo f n (x ) = p. Furthermore, the 
following a priori estimate holds, for each n e No: 

nn 

d(f n (x ),p) < — d(f(x ),x ). 

Unfortunately, we are not always in the situation of this lemma. But the simple 
variants compiled in the next proposition are flexible enough for our purposes. 

Proposition 3.3 Let (X, d) be a metric space, U C X be a subset and f : U — > X 
be a contraction, with contraction constant 9. Then the following holds: 

(a) / has at most one fixed point. 

(b) If xo G U is a point and n G No such that f n+1 (x ) is defined, then 

d(f k+1 (x ),f k (x )) < 9 k d(f(x ),x ) (23) 
for all k G {0, . . . , n}, and d(f n+1 (x ),x ) < 1 ~®_g d(f(x ), x ). 

(c) If Xo G U is a point such that f n (xo) is defined for all n G N, then 
(f n { x o))n£N is a Cauchy sequence in U, and 

on /i nk \ 

d(f n+k (x Q ),p(x )) < \_ 9 ' d(f(x ), x ) foralln,k£N . (24) 
If (/ n (^o))neN converges to some x G U, then x is a fixed point of f, and 

nn 

d(x,f n (x )) < — -d(f(x ),x ) forallneEo. (25) 

Iff n (xo) is defined for allneN and f has a fixed point x , then f n (x n ) — > x 
as n — ► cxd . 
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(d) Assume that U — B r (xo) is a closed ball of radius r around a point Xo G X , 
and d(f(xo), xq) < (1 — 9)r. Then /™(x ) is defined for all n G No- Hence 
f has a fixed point inside B r (xo), provided X is complete. Likewise, f has 
a fixed point in the open ball B r (x^) if X is complete, U = B t .(xq), and 

d(f( Xo ),x ) < {i-ey. 

Proof, (a) If x,y G U are fixed points of /, then d(x,y) = d(f(x),f(yj) < 
Od(x, y), entailing that d(x, y) = and thus x = y. 

(b) For k = 0, the formula (23) is trivial. If k < n and d(f k+1 (x )J k (x )) < 
9 k d(f(x ),x ), then d(f k + 2 (x ), f k+1 {x )) = d{f(f k +\x ))J{f k {x ))) < 
ed(f k+1 (x ),f k (x )) < 6 k+1 d(f{x ),x ). Thus (23) holds in general. 

Using the triangle inequality and the summation formula for the geometric 
series, we obtain the estimates d(f n+1 (xo), xq) < J2k=o d(f k+1 { x o), f k ( x o)) < 
I2k=o ® k d(f(xo),x Q ) = ^"g 1 d(f(x ),x ), as asserted. 

(c) Using both of the estimates from (b), we obtain 

i nk i nk 

d(.r+ k (x ),.r(x Q )) < —^dir+Hxo^nxo)) < —^^(/(xo),^). 

Thus (24) holds, and thus (/"(xo))„gn is a Cauchy sequence. If f n (x ) — > x 
for some x G U, then x = limn^oo f n+1 (x Q ) = /(lim^oo f n (x )) = f(x) by 
continuity of /, whence indeed x is a fixed point of /. Letting now k — > oo in 
(24), we obtain (25). 

To prove the final assertion, assume that / has a fixed point x and that f n (xo) 
is defined for all n. We choose a completion X of X (with X C X) and let U be 
the closure of U in X. Then / extends to a contraction U — > X, which we also 
denote by /. Since (/ n (xo))neN is a Cauchy sequence in U and U is complete, 
we deduce that f n (xo) — > y for some y £ ?7. Then both y and x are fixed points 
of / and hence x = y, by (a). 

(d) We show by induction that f n (xo) is defined for all nel For n = 1, this 
is trivial. If f n {xo) is defined, then 

rf(.rK),xo) < T - y d(/(x ),x ) < T - J {l-6)r < r 

by (b) and thus f n (x ) e _B r (xo), whence also /™ +1 (x ) = /(/™(xo)) is defined. 
Then f n (xo) £ B r (xo) for each n € N. By (c), (/™(xo))ngN is a Cauchy sequence. 
If X is complete, then so is B r (xo) and thus (/™(xo))neN converges to some 
point x G £? r (xo), which is a fixed point of / by (c). Finally, if U = B t (xq) and 
d(/(xo),x ) < (1 — 6)r, there exists s G ]0,r[ such that d(/(xo),Xo) < (1 — 0)s. 
By the preceding, f n (x ) G S s (xo) C B r (xo) for all n G N, and / has a fixed 
point in B s (xq) C B r (xo). □ 

A certain class of contractions of Frechet spaces is of utmost importance for our 
purposes. 
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Definition 3.4 Let (F, d) be a metric Frechet space over K and U C F. A map 
f:U—>Fis called a special contraction if there exists 9 £ [0, 1[ such that 

(Vs G K) (Vx,y G [/) d(sf(x),sf(y)) < 9d(sx,sy) . 

We then call a special contraction constant for /. 

Lemma 3.5 Let (i* 1 , d) be a metric Frechet space with absolutely convex balls, 
U C F be a locally convex subset with dense interior and f:U — > F be a C 1 - 
map. Consider the following conditions: 

(a) f is a special contraction; 

(b) f'(U) C C d (F) and sup xeU \\f'(x)\\ d , d < 1. 

XTien (a) implies (b) . // {/ is convex, then (a) and (b) are equivalent. 

Proof. Assume that / is a special contraction with special contraction constant 
9 G [0, 1[. Let x e U°, y e F and t G K x with x + ty G E/. Since / is a special 
contraction, we have |||(/(x + ty) - /(x))||d < 0\\\{(x + ty) - x)\\ d = 9\\y\\ d . 
Letting t — > 0, we deduce that < Since J7° is dense in U, it 

follows by continuity that ||/'(a;).y||d < ^||y||d for all x G U and y G F. For each 
x e U, this gives ||/'(x) < 0, since y was arbitrary. Thus sup ||/'(£/)||,i,d < 0. 

Conversely, suppose that U is convex and 9 := sup ||/'(?7)||d,d < 1. Given 
x,y G U and s G K, the map 7: [0, 1] — ► F, j(t) := s/(a; + t(y — x)) is 
and 

sf(y)-sf(x) = 7 (1) -7(0) = / VWdt, 

Jo 

where 7'(t) = sf'(x+t(y — x)).(y — x) = f'(x + t(y — x)).(sy — sx) with ||7'(t)||d < 
\\f'(x+t(y-x))\\ d ,d-\\sy-sx\\d < 0\\sy-sx\\ d . Hence d(sf(y), sf(x)) < 9d(sy,sx), 
by Lemma 1.10, and so / is a special contraction. □ 

We are interested in uniform families of contractions. 

Definition 3.6 Let (F, d) be a metric Frechet space over I,[/Cf and P be 
a set. A family {f P ) P eP of mappings f p : U —> F is called a uniform family of 
contractions if there exists 9 G [0, 1[ (a "uniform contraction constant") such that 

\\f p (x) - f P (y)\\d < 9\\x - y\\ d for all x,y G U and pe P. 

If ||s(/ p (x) - f P (y))\\d < 9\\s(x - y)\\ d for all s G K, x,y G f/ and p £ P, we 
call (/p) p gp a uniform family of special contractions and 6> a uniform special 
contraction constant. 

If [/ is closed and each / p is a self-map of U here, then Banach's Contraction 
Theorem ensures that, for each p G P, the map f p has a unique fixed point x p . 
Our goal is to understand the dependence of x p on the parameter p. In particular, 
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for P a subset of a topological K- vector space, we want to find conditions ensuring 
that the map P — > F, p x p is continuously diffcrcntiable. Let us discuss 
continuous dependence of fixed points on parameters first. 

Lemma 3.7 Let P be a topological space and (F,d) be a metric Frechet space. 
Let U C F and f : P x U — > F be a continuous map such that (f p ) P ep is a 
uniform family of contractions, where f p := f(p, .) : U — > F. We assume that f p 
has a fixed point x p , for each p E P. Furthermore, we assume that U is open or 
f(P X U) C U (whence every f p is a self-map ofU). Then the map <j>: P — > F, 
4>(p) '■— x p is continuous. 

Proof. Let 9 G [0, 1[ be a uniform contraction constant for (f p ) p ep. Given 
p G P and e > 0, we find a neighborhood Q C P of p such that \\x p — f q (x p )\\d = 
\\f(p,x P )-f(q,x p )\\ d < (l-0)eforallgeQ. Uf(PxU) C £/, then ||x p -xj d < 
T3fl II ^p - /g( x p)IU ^ e 7 by (25) in Proposition 3.3 (c). If U is open, we may assume 

that B e (x p ) C ?/ after shrinking e and Q. Then Proposition 3.3 (d) applies to f q 

as a map B s (x p ) — > F for each q £ Q, showing that fg(x p ) is defined for each 

n£N and ir g = lim^oo fg(x p ) G B^(x p ), that is, - aiq ||d < £■ D 

Lemma 3.8 Let E be a topological K-vector space and P C E be a subset with 
dense interior. Let (F, d) be a metric Frechet space over K and U C F be a subset 
with dense interior. Furthermore, let f : P x U — > F be a C^-map such that 
( fp)peP * s a uniform family of special contractions, where f p := f(p, .):{/—> F. 
We assume that f p has a fixed point x p , for each p G P. Finally, we assume that 
U is open or f(P x U) C U (whence every f p is a self-map ofU). Then the map 
4>: P -> F, 4>(p) := x p is 

Proof. Since / is continuous, Lemma 3.7 shows that (j) is continuous. Thus (j) 1 ^ 
(as in (6) in Definition 1.2) is continuous. To see that is C 1 , it only remains 
to show that, for all po G P and qq G E, there exists an open neighborhood 
W C pW of (p o ,qo,0) and a continuous map g: W —> F which extends the 
difference quotient map ^'ln/riPi 1 ! ■ W ^ -^ > ' 1 ' ~* F. Then (/J 1 ! has a continuous 
extension <p^ to all of pW (cf. [7, Exercise 3.2 A (b)]) and thus <j> will be C 1 . Our 
strategy is the following: We write 

n 

- *p)A = £(/#,>,.) - #h 9 (*p))/* ( 26 ) 

for (p,q,t) in a suitable neighborhood W of (po)9o,0), with t ^ 0. For W 
sufficiently small, the left hand side converges to x *+*«- x * = <t>{p+tq)-<t>{p) as 
n — > oo. Furthermore, we can achieve that each term on the right hand side 
extends continuously to all of W, and that the series converges uniformly to a 
continuous function on W. This will be our desired continuous extension g. 
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Let us carry this out in detail. 

Case 1. If f(P xU)CU, we set W := pW. 

Case 2. Otherwise, U is open, whence there exists e > such that B 2e (x Po ) C {/. 
Since / and are continuous and f Po {x Pa ) = x po , we find an open neighborhood 
Q C P of po such that ||x p — x Po ||d < £ and ||x p — fg(x p )\\d < (1 — 0)e for 
all p, q G Q. Then f q (x p ) is defined for all k G No, f q (x p ) G B^{x p ), and 

x g = lim/j^oo /k (x p ) € B^(x p ), by Proposition 3.3(d). We now set Wo := Q' 1 ' 
and note that, if (p, g, t) G QW, then p,p + tq G Q, whence f p+tq (x p ) is defined 
for all /c G No and linifc^oo f p+tq {x p ) = x p+tq (by the preceding considerations). 
In either case, we define 

h a : W ^F, h Q (p,q,t) = f^(p,x p ,q,0,t) 

and note that ho is a continuous map such that 

h (p,q,t) = (f p+tq (x p ) - f p (x p ))/t= (f p+tq (x p ) -x p )/t ifi^O. (27) 

For all k G N and (p, q, t) G W with t ^ 0, we have 

fp+tq( X p) — fp+tq( X p) 
t 

/(p + fg, /^(^p) + t ^W'rW,^) ) - /(p + tq , f^ t \(x p )) 

t 

= f m (p + tq, f^ q (x p ),0, f ^ iXp) ; f ^ (Xp) , t) . (28) 

Recursively, we define 

h fe : Wo -» P , h k {p, q, t) := /N (p + tq, f^l q {x p ),0, h k ^(p, q, t), t) 

for k G N. A simple induction based on (27) and (28) shows that the definition 
of hk makes sense for each k G No, and that 

h k (p, q, t) = ~ /pW^p) for all (p) qi t) e ^ with t ^ (29) 

The function /io : Wo — ► P, (p, g, t) /W(p, x p , g, 0, i) being continuous, we find 
an open neighborhood W C Wo of (po, go, 0) and C G [0, oo[ such that 

\\f [1] (p,x p ,q,0,t)\\ d < C for all (p,q,t) G W. 

For all (p, g, t) G W such that t ^ 0, we have 

P fp+tq( X p) ~ t fp+tq( X p)\\d < ^'IK fp+tq{Xp)~t x p\\d 

= e k \\fW(p,x p ,q,0,t)\\ d < e k c- 
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to obtain the inequality, we used repeatedly that f p +tq is a special contraction 
with special contraction constant 9. Combining the preceding estimates with 
(29), for each k G N we see that \\h k (p, q,t)\\ d < 9 k C for all (p,q,t) G W such 
that t ^ 0, and thus 

\\h k (p,q,t)\\ d < 9 k C for all (p,q,t)£W, (30) 

because h k is continuous and W n P' 1 ' is dense in W. As a consequence, 

Y,T=o sn P\\ h k( w )\\d < Y,T=o° kc = ih C < 00 > whence the series Y,T=a h k\w 
of continuous functions into (F, d) converges uniformly. Thus 

oo 

g(p,q,t) ■= ^2 h k(p,q,t) 

exists for all (p, q, t) G W, and g : W — * F is continuous. It only remains to 
observe that 

fp+tq( X p) ~ X P ST^ fp+tq( X p) ~ fp+tq( X p) I, t j.\ 

, = 2^ — = 1^ fc *(p>9»*) 

k=0 k=0 

for all (p, q>, t) G W such that t ^ 0. Since the left hand side converges to x p+^~ x p 
as n — ► oo and the right hand side converges to g(p, q, t), we obtain 

(j){p + tq) - <f>{p) ^ , . . . 

fc=0 

Thus g: W — > F is a continuous map which extends ^ 1 '|w'npl 1 [> as desired. This 
completes the proof. □ 

We are now in the position to prove Theorem D from the introduction (the main 
result of this section) . 

Proof of Theorem D. (a) For the proof of (a), we assume only that P is a 
topological space (the hypotheses that P C E for a topological vector space E 
is not required). Let 9 G [0, 1[ be a uniform contraction constant for (f p ) p ep. If 

p G Q, there is r > such that B r (x p ) C U. There is a neighborhood S C Q 
of p such that ||/ 9 (x p ) -x p || d = \\f q (x p ) - f p (x p )\\ d < (l-6)r for all q G S. Now 

Proposition 3.3 (d) shows that f q has a fixed point x q in B r (x p ), for each q £ S. 
Thus SCQ and we deduce that Q is open. By Lemma 3.7, the map <fi: Q — > £/, 
</>(p) := x p is continuous. 

(b) Let 6* G [0, 1[ be a uniform special contraction constant for (f P ) P ep. We may 
assume that k < oo. The proof is by induction on k G N. Since is continuous 
by (a), and since we only need to check that <f> is C k on an open neighborhood 
of a given point po G Q, after replacing U by some open ball around <ft(po) and 
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replacing Q by a smaller open neighborhood of po in Q we may assume henceforth 
that U is convex. 

The case k = 1 is covered by Lemma 3.8. Since <p(p) — f(p, <j>(p)) for all peQ, 
the Chain Rule shows that 

4HpU = /'(P. 0(p))-(«, 0'(p)-«) for all p e Q and g e E. (31) 

If fc > 2 and is C k ~ 1 by induction, then the map 

g: (QxE) xF^F, g(p,q,y) := /' '(p, cj>(p)).(q,y) 

is C k ~ 1 . By linearity in (q,y), for the partial differential with respect to y we 
obtain g{ p . q) {y)-z = f'(p,(f>(p)).(0,z) = f p (4>(p)).z, whence g' M (y) = f p {4>{p)) 
and thus Hs^C^lkd = ||/ p (<Hp))lkd < 0, using Lemma 3.5. Hence, by 
Lemma 3.5, (9( P ,q))(p,q)eQxE is a uniform family of special contractions. Since 
d(j){p,q) — (f)'{p).q is the fixed point of g( p . q ) by (31), applying the inductive hy- 
pothesis we see that d<j>: Q x E — > F is C fe_1 . Hence is C fc , which completes 
the inductive proof. □ 



4 Preparatory results concerning local inverses 

We now prove an Inverse Function Theorem for self-maps of a Frechet space, 
which provides local inverses which are Lipschitz continuous with respect to a 
given metric. We also provide a variant dealing with families of local inverses, 
and use it to construct continuous implicit functions. 

Our first theorem, and its proof, is the direct analogue of [17, Theorem 5.3] (deal- 
ing with Banach spaces) for Frechet spaces. It is a variant of [30, Theorem 4.5]. 
Parts of the proof will be re-used later. 

Theorem 4.1 (Lipschitz Inverse Function Theorem) Let (E,d) be a met- 
ric Frechet space over K, with absolutely convex balls. Let r > 0, x e E, and 
f: Bf(x) — > E be a map. We suppose that there exists A 6 Cd{E) x such that 

Then the following holds: 

(a) / has open image and is a homeomorphism onto its image. 

(b) The inverse map f(B r (x)) — > B r {x) is Lipschitz continuous with 
respect to the metric d, with 

Liptr 1 ) < — ; . (33) 
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(c) Abbreviating a := \\ A 1 || d 1 — a > and b := \\A\\ d + a, we have 

a\\z-y\\ d < \\f(z)-f(y)\\ d < b\\z-y\\ d for all y, z G B r (x). (34) 

(d) The following estimates for the size of images of balls are available: For 
every y G B r {x) and s E ]0, r — \\y — x\\ d ], 

B as (f(y)) c f(B s ( y )) Q B bs (.f(y)) (35) 

holds. In particular, B ar (f(x)) C f(B r (x)) C Bb r (f(x)). 

Remark 4.2 Note that the condition (32) means that the remainder term 

/: B r (x) - E, f(y) := f(y) - f(x) - A.(y - x) 

in the affme-linear approximation f{y) = f(x) + A.(y — x) + f(y) is Lipschitz 
continuous with respect to the metric d, with Lip(/) = a < WA^ 1 ]]^ 1 . 

Remark 4.3 To understand the constants in Theorem 4.1 better, we recall that 
| A^ 1 H^ 1 can be interpreted as a minimal distortion factor, in the following sense: 
For each u £ E, we have \\u\\d = \\ A^ 1 .(A.u) \\d < • HAwH^ and thus 

\\A.u\\ d > ll^-^I^Hulld for all ueE. (36) 

Thus A increases the distance of each given vector from by a factor of at least 
■ Furthermore, 1 is maximal among such factors, as one verifies 

by going backwards through the preceding lines. Similarly, since A~ 1 B s (0) C 
i?l| J 4-i|| dS (0) and thus B s (0) C A-Bu^-iu^O) for each s > 0, we find that 

A.B s (0) D B|| A -i||-i s (0) for each s > 0. (37) 

Proof of Theorem 4.1. (c) Given y, z 6 B r (x), we have 

\\f{z)-f(y)\\ d = \\f{z)-f{y)-A.{z-y)+A.(z-y)\\ d 

< \\f(z)-f(y)-A.(z-y)\\ d +\\A.(z-y)\\ d 

< (<r + \\A\\ d )\\z - y\\ d = b\\z-y\\ d 

and 

\\z-y\U = \\A-\{f{z)-f{y)-A.{z-y))-{A-\f(z)-A-\f(y))\\ d 

< \\A-% ■ \\f(z) - f(y) A.(z y)\\ d + \\A~\fiz) A-\f(y)\\ d 

< a\\A- 1 \\ d -\\z-y\\ d +\\A- 1 \\ d -\\f(z)-f(y)\\ d} 

whence \\f(z) - f(y)\\ d > {WA-% 1 - a)\\z - y\\ d = a\\z - y\\ d . Thus (34) holds. 

(b) As a consequence of (34), / is injective, a homeomorphism onto its image, 
and Uptf- 1 ) = (WA-% 1 -*)- 1 . 



26 



(d) Suppose that y £ B r (x) and s £ ]0, r — \\y — x\\ d ]. By (34), we have 
f(B s (y)) C Bb s (f(y)), proving the second half of (35). We now show that 

f(y) + A.B as (0) C f(B s (y)), (38) 

where a := a||A _1 ||d = 1 - cr|| A" 1 Then also the first half of (35) will 
hold, as A.B aa (0) D B|| A -i||-i a5 (0) = B as (0) by (37). To prove (38), let c G 

/(y) _+ A.B as (0). There exists i £ ]0,1[ such that c G /(y) + A£? tQS (0). For 
v G B st (y), we define 

Then y(v) G B st (y), because 

\\9(v)-y\U < \\v-y-A-\f{v) + A-\f{y)\\ d +\\A-\c-A-\f{y)\\ d 

V v ' V v ' 

<||A- 1 ||«,<7||t;-i,||d<||A- 1 || < ,<7st <tas 

< (\\A- 1 \\ d a + a)st = st. 
Thus g(B st (y)) C B st (y). The map 5: B st (y) -> S st (y) is a contraction, since 

HffM-ffMlld = Wv-w-A-KifW-fiwM* 

< \\A-%.\\f(v)-f( W )-A.(v-w)\\ d 

< a-WA-^U-Wv-wU (39) 

for all v,w £ B st (y), where cr||A _ \\ d < 1. By Banach's Contraction Theorem 
(Lemma 3.2), there exists a unique element vo £ B st (y) such that g(vo) = vq and 
hence /(i>o) = c. 

(a) We have already seen that / is a homeomorphism onto its image. As a 
consequence of (d), the image of / is open. □ 

We are now in the position to formulate the first version of an inverse function 
theorem with parameters. The result, and its proof, can be re-used later to prove 
the corresponding results for C fc -maps. 

Theorem 4.4 (Continuous families of local inverses) Let (F, d) be a met- 
ric Frechet space with absolutely convex balls, and P be a topological space. Let 
r > 0, x £ F, and f:PxB^F be a continuous mapping, where B := Bf(x). 
Given p £ P, we abbreviate f p := f(p, .) : B — > F. We suppose that there exists 
A £ £d(F) x such that 

I \\z-y\U J \\a 

(40) 

Then the following holds: 

(a) f p (B) is open in F and / p \b is a homeomorphism onto its image, for each 
p£ P. 
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(b) The set W := \J peP {p} X f p (B) is open in PxF, and the map ip : W —* F, 
ip(p,z) :— (/pis < ' S ') _1 ( Z ) * s continuous. 

(c) The map £: P x B — > IT", £(p,y) ■— (p,f(p,y)) is a homeomorphism, with 
inverse given by ^ 1 (p, z) = (p, ip(p, z)). 

Proof. By Theorem 4.1, applied to f p , the set f p (B) is open in F and f p \s a 
homeomorphism onto its image. Define a := WA^ 1 ^ 1 — a. Let us show openness 
of W and continuity of h. If (p, z) G W, there exists y & B such that = z. 

Let £ G]0,r — ||y — .tH^] be given. There is an open neighborhood Q of p in P 
such that d(f q (y), f p (y)) < f° r all 9 Q, by continuity of /. Then, by (35) in 
Theorem 4.1(d), 

f q {BM) 2 2 %(/ P (y)) = B^(z) . 

By the preceding, Q x P<i£(z)) C IT, whence W is a neighborhood of (p, z). 
Furthermore, ^(q,z>) = (/ ? )"V) G B e (i/) = ^((/p)" 1 ^)) = B e {^{p,z)) for 
all (q, z') in the neighborhood Q x B^(z) of (p, z). Thus IT is open and tp is 
continuous. The assertions concerning £ follow immediately. □ 

As a direct consequence, we obtain an implicit function theorem. 

Corollary 4.5 (Continuous Implicit Functions) In the situation of Theo- 
rem 4.4, let (po,yo) G P x P. Then there exists an open neighborhood Q C P 
o/po swc/i t/iaf z := f(po,yo) € f P (B) /or oii p G Q. T/ie mapping A: Q — > P, 
A(p) := ip(p,Zo) is continuous, satisfies A(po) = yo, an d 

{{p,y)£Q*B: f(p,y) = z } = graph (A). 

Proof. Because W is an open neighborhood of (po, z§) in P x P, there exists an 
open neighborhood Q of po in P such that Q x {z } Q W. Then \{p) := ij)(p, z ) 
makes sense for all p G Q. The rest is obvious from Theorem 4.4. □ 



5 Inverse Function Theorem with Parameters 

We are now in the position to formulate and prove our main result, an Inverse 
Function Theorem with Parameters for Keller C^-maps in the presence of metric 
estimates on partial differentials. 

Theorem 5.1 (Inverse Function Theorem with Parameters) Let E be a 

topological WL-vector space, and (P, d) be a metric Frechet space over K, with 
absolutely convex balls. Let Po C E be an open subset, or a locally convex subset 
with dense interior if E is locally convex. Let U C F be open, k G N U {oo} 
and /: P x U — ► F be a C'^-map. Abbreviate f p := f(p, .):£/—» F for p G Pq. 
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issume that (po,Xq) G Pq x U and f po {xo): F — > F is invertible. Furthermore, 



assume 



that 



sup \\id F -f^(xo)-\f;(x)\\ d , d < 1; (41) 

(p,a;)GPoxC/ 

or, more generally, assume that there exist isomorphisms of topological vector 
spaces S,A,T: F -> F such that S 0A0T e £dGF) x and 

sup ||So(^-/;(a;))or)|U, d < 1 . (42) 

(p.x)eP xu v \\{b o AoT) *-\\ dtd 

Then there exists an open neighborhood P C P of p n and r > suc/i that 
B := B r (x ) C U and the following holds: 

(a) f p (B) is open in F, for each p G P, and cj> p : B — > f p (B), 4> p (x) := f p (x) = 
f(p, x) is a C^-diffeomorphism. 

(b) W := {J peP ({p} x f p {B)) is open in P x F, and the map 

i>:W^B, iP(p,z) := <f>;\z) 
is Cjr. Furthermore, the map 

t-.PxB^W, a(p,x):=(p,f(p,x)) 
is a C^-diffeomorphism with inverse £_~ 1 (p,z) — (p,ip(p, z)). 

(c) P x B s (f po (x )) C W /or some <5 > 0. 

In particular, for each p € P i/iere is a unique element A(p) G £> suc/i i/iai 
f(p,X(p)) = f(po,xo), and the map A: P — > P. so obtained is C^. 

Remark 5.2 Typical choices of 5, A, T are as follows: 

(a) With S = / Po (a;o) _1 , A = f Po (x ) and T = id^, we recover (41). 

(b) If f po (x ) S C d (F) x , then a typical choice is A := f Po (xo), S := T := idp. 
In this case, we make a requirement concerning sup xp ll/p (^o) — f' p {x)\\ d , d - 

Proof of Theorem 5.1. Let h := T^ 1 oA^ 1 o/o(idp xT): PoxT 1 ^) P. 
Then h satisfies 

sup\\id F -h' p (x)\\ d = sup \\(SAT)~ 1 S(A — f' p (x))T\\ d 

p,x p,x 

< WiSAT^WasupWSiA- f' p {x))T\\ d < 1, 

p,x 

by (42). After replacing / with h, we may assume henceforth that S = A = T = 
idp and 

9 := sup \\id F -f p {x)\\ d < 1. (43) 

(p,x)t£P xU 
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Let r > such that B := B r (xo) C U. Given y,z E B and p E Po, we have 

/p(^) - f P (y) = Jo fp(y + t( z - y))-( z - v) dt and z - v = Io( z - v) dt - Then 

\\f P (z)-f p (y)-(z-y)\\ d 

< sup \\(f p (y + t(z-y))-id F ).(z-y)\\ d 
te[o,i] 

< sup \\f p (y + t(z-y))-id F \\ d \\z-y\\ d < 6\\z-y\\ d , 
te[o,i] 

using Corollary 1.11 and (43). Hence 

l \\ z -y\\d J 

Thus Theorem 4.4 applies to f\p oX B with A — id Fl whence f P (B) is open in F 
and 4> P '■= / p \b a homeomorphism onto its image, for each p e P ; the set 
W := U pe p M x / P ( B ) is open in P x F; the map V>: W -> P, == ^p 1 ^) 

is continuous; and the mapping P x B ^ VK, £(p, y) := {p,f(p,y)) is a 
homeomorphism, with inverse given by £ _1 (p, z) = (p,tp(p, z)). Set a := 1 — k 
and /3 := 1 + /t. In view of (44), Theorem 4.1 applies to / p |s, for each p G P . 
Hence 

f p (x) + B as (0) C f p (B s (x)) C / p (a;) + 5,8,(0) (45) 
holds for all p £ Po, x E B and s e ]0, r — ||x — x ||d]- 

Also (c) is easily established: we set 8 :— There is an open neighborhood P C 
P of p such that \\f(p, x ) — f(po, x )\\ d < 5 for all p € P. Then, using (45) with 
x := x and s := r, we get f p (B) D B ar (f p (x )) = B 2S (f p (x )) D B 5 (f po (x )), 
for all p E P. Thus (c) holds. 

(a) and (b): If we can show that ip is C^, then clearly all of the maps ip, £, A and 
will have the desired properties. It suffices to show that ip is on an open 
neighborhood of each given element (p, z) G W. Given (p, z) E W^, there exists 
y E B such that f p (y) — z. Let e <E]0,r — ||y — xolld]; then B e (y) C P. There 
is an open neighborhood Q of p in P such that ||/(<7, y) — /(p, 2/)||d < f° r au 
<7 G Q, by continuity of /. Then, using (45), 

f q (BM) 2 P Qe (/ g (y)) 2 B^(f p (y)) = P-(z) . 

By the preceding, Q x B^{z) C and V(Q x B<^.(z)) C B s (y). Now consider 
the C^-map 

5: Q x P^(z) x P £ (y) g{q,c,v) := v - {f q (v) - c) . 

For all (<?, c) E Q x B<m.(z), the map .?(<j. c ) : = .9(<7j c , •) : Pr(y) — * -F satisfies 
5( 9 , C )( W ) = id F-/q(w)- Thus sup (g>c) ||s r ( <?!c) (f)|U < < 1 using (43), and so 
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(g(q,c))(q,c) is a uniform family of special contractions, with uniform special con- 
traction constant 8 (see Lemma 3.5). Note that g( q , c ){ v ) = v if and only if 
f q (v) = c, i.e., if and only if v = ij){q,c). Thus ip(q,c) is a fixed point of <7(g lC ). 
Since g is C^, Theorem D shows that ip is on Q x B<^(z). □ 

Remark 5.3 Theorem 5.1 remains valid in the C^-case if Pq C £ is any subset 
with non-empty interior, no matter whether £7 and Po are locally convex. To 
achieve this, use Lemma 3.8 instead of Theorem D at the end of the proof of 
Theorem 5.1. 

Remark 5.4 Note that Theorem 5.1 subsumes Theorem A from the introduc- 
tion as its final assertion. Using a singleton set of parameters, we also obtain 
Theorem B as a special case. 

Remark 5.5 Let E, (F,d), Pq and U be as in Theorem 5.1. If a C^-map 
/: Po x £7 — ► F satisfies f' p {x) G Cd(F) for all (p, x) G P x U and also 

Po x U -> £ d (F) , (p,a;)~/» (46) 

is continuous at (po, xo) and /p (x ) G £d(F) x , then (41) is satisfied after shrink- 
ing P and £/ if necessary, by continuity of composition in C d {F). However, only 
(41) (or (42)) is needed as an hypothesis for the theorem, not any continuity 
property concerning the map in (46) because this would be too restrictive (at 
least continuity on an open set), as we have seen in Remark 2.16. 

Remark 5.6 We mention that f' p (x) G C d (F) x for all p G P and x G U if (43) 
holds, because A G C d (F) x with A^ 1 = E^=o( id ^ ~ A ) n for a11 A e C <i{ F ) such 
that || id F -A\\ dtd < 1 (sec [30, Theorem 4.1]). 

6 Application to families of linear operators 

This section describes a simple application of the inverse function theorem with 
parameters (Theorem 5.1) concerning the inversion of linear operators (which 
cannot be deduced from the results in [30]). 

For the purposes of infinite-dimensional Lie theory, it is useful to be able to speak 
of smooth mappings from a smooth manifold M to certain groups G which are 
not manifolds. For example, G might be the diffcomorphism group of an infinite- 
dimensional manifold, or the group C(F) X of automorphisms of a (non-Banach) 
topological vector space (see [18], [32]). We now discuss the following concept. 

Definition 6.1 Let F be a locally convex topological K-vector space, and k G 
NoU{oo}. If k = 0, let P be a topological space. If k > 1, let P be a locally convex 
subset with dense interior of a locally convex topological K-vector space E. Let 

l: C(F) x -^C(F) x , t(A) := A^ 1 
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be the inversion map. We say that a map g: P — > C(F) X is k times pseudo- 
differentiable (or PC^, for short), if both of the maps 

g A :PxF^F, g A (x,y) := g(x).y 

and (ioj) A : P x F -» F, (i o ff ) A (x, y) := s(z)- 1 .?/ are C|. 

Our application concerns a case where the condition on (i o g) A is superfluous. 

Proposition 6.2 Lef F be a Frechet space over K and k G No U {oo}. If k = 0, 
/ei P be a topological space. Ifk>l, let E be a locally convex space over K and 
P C E be a locally convex subset with dense interior. Let g: P — > C(F) X be a 
map. Assume that there exists a translation invariant metric d on F defining its 
topology and having absolutely convex balls, and isomorphisms S,A,T: F — > F 
of topological vector spaces with 

sup \\S(A-g(p))T\\ dtd < „, * W| , ■ 
peP \\\ bA1 ) Wd.d 

Then g is PC^ if and only if g A : P x F — > F is C^. 

Proof. If k > 1, then the function / := g A satisfies the hypotheses of Theo- 
rem 5.1, with x := 0, Po := P and any p G P - Noting that only the proof of 
Theorem 5.1 (c) required to shrink P (which is inessential for us here), Part (a) 
and (b) of the theorem show that there is an open neighborhood W of P x {0} 
in P x F such that the map 

(Logf\ w : W^F, (p,x)~g(p)- 1 .x=(f p )- 1 (x) 

is C£. For n G N, set W n := {(p, rax) : (p, x) G IF}. Then W n is open inPxf 
and [j nGN W n = PxF. Since (io 5 ) A (p,x) = n(iog) A (p 1 ±x) for each (p,x) G IF„ 
by linearity in the second argument, we see that (t°g) A \w n is for each n G N. 
Hence (toj) A is C£. If fc = 0, we use Theorem 4.4 instead Theorem 5.1 to reach 
the desired conclusion. □ 

Note that, if also E happens to be a Frechet space, we need not assume that 
g A : P x F — > F is MC 1 , we only need the C 1 -property. This is essential, as the 
following example shows. 

Example 6.3 In the situation of Example 2.7, set F := R N and consider the 
curve 

g:[Q,\]^C d {F), g(t) := id F -tS . 

Then || id F -g{t)\\ d4 = \\tS\\ d4 < \\S\\ d4 = a < 1 for each t G [0, 1], and further- 
more the map 

g A : [0, 1] x F - F , (t, x) ^ = j, - tS.y 
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is C°° . By Proposition 6.2, also the mapping h := (t o j) A : [0,1] x F — > F, 
(i,a;) i — ► (idF-tS)- 1 ^) is a C°°-map. 9 

Since g is discontinuous as a map into £d(F) (because g(0) — idp = but 
\\g(t) — idi? \\d,d — a > for each i > 0), it follows that g A is not MC 1 (using the 
maximum metric on R x F). Therefore, we cannot get smoothness of h, say, by 
trying to apply an inverse function theorem for MC 1 -maps (or MC°°-maps) to 
E x F -» E x F, (t,x) i-> {t,g(t).x). 

7 Inverse and implicit i\/f C fe -maps 

For later use, we record a variant of Miiller's Inverse Function Theorem, 10 which 
can do with slightly weaker hypotheses. 

Proposition 7.1 (Miiller's Inverse Function Theorem for ikfC fc -maps) 

Let (F, d) be a metric Frechet space overWL G {E, C} ; with absolutely convex balls. 
Let k G NU {oo} and f : U — > F be an MC^-map on an open subset U C F. Let 
xq G U. If f'(xo) G C(F) X , then there exists an open neighborhood V C {/ o/a; 
smc/i £/iat /(V) is open m F and f\y : V — ► /(V) is an MC^-diffeomorphism. 

Before we prove the proposition, let us record a standard consequence. 

Corollary 7.2 (Implicit Function Theorem for MC fc -maps.) Let(E,d,E) 
and (F,cIf) be metric Frechet spaces overK, with absolutely convex balls. Equip 
E x F with the metric d given by 

d((x 1 ,y 1 ),{x 2 ,y 2 )) ■= ma,x{d E (x 1 ,x 2 ),d F (y 1 ,y 2 )) . 

Let f:UxV^Fbean MC^-map, where U C E and V C F are open sets. 
Given x G U, abbreviate f x := f(x,.): V —> F. If f(xo,yo) = for some 
{xo,yo) £ U xV and f x (yo) G Cd{F) x , then there exist open neighborhoods 
Uq C [/ of x and Vq C V o/ y si *c« f/iaf 

{(a;, j/) G C/ x V : f(x,y) = 0} = graph A 

/or an MC^-map A: C/ — > V . □ 

Proof. Apply Proposition 7.1 to the MC fe -map 17 x V — » E x F, g(x,y) := 
(x,f(x,y)). □ 

The following lemma will help us to deduce Proposition 7.1 from Theorem B. 
Its proof (recorded in Appendix B) is simple but requires longish preparations, 
because one has to struggle with the fact that Cd{F) only is a locally convex 
vector group. 

9 This implies that also the map [0, 1] -+ C(F) b , t i-> dh((t,0), (0, .)) = (id F -tS)- 1 is C°°, 
by general facts of infinite-dimensional calculus (sec [12]). Here C(F) b denotes C(F), equipped 
with the topology of uniform convergence on bounded sets. 

10 Theorem 4.7 in [30] and the inductive proof of his Theorem 4.6 are our models here. 



33 



Lemma 7.3 Let (F, d) be a metric Frechet space with absolutely convex balls, 
and A G £d(F) x . Let be the connected component ofO of the set 

((A + C d (F) )ri£ d (F) x )-A. 

Then (A + B)^ 1 — A^ 1 G £d(F)o for each B G CI, and the map la- CI — > £d(F)o> 
l a (B) := (A + B)- 1 - A- 1 is MC^. □ 

Proof of Proposition 7.1. By continuity of /' : U — > £d(F), the point £o has an 
open connected neighborhood V CU with sup xe y || idi? — /'(ieo) -1 /'^)!!^ < 1- 
Set yo : = f( x o)- Then /(V) is an open neighborhood of yo and /|y is a C^- 
diffeomorphism, by Theorem B. Set g := /(F) -> V. Then = 

f'(g(y)) G £d(F) x for each y G /(V), and the formula shows that </ is con- 
tinuous. Hence c/ is MC 1 . By connectedness of V, g'(f(V)) C g'(yo) + £d(F) - 
Hence, setting A := g'(yo), we have 

ff' = tAo(T-io/>(/ (47) 

with m as in Lemma 7.3 and the translation map t_a'- A + £ d (F) — ► £d(F)o, 
B B — A. Now assume that g is MC , by induction. Since is MC°°, 
T-a of':U^ £ d (F)a is MC fe -\ it follows that 3 ' is MC k ~ 1 . Hence g is MC fc , 
which completes the inductive proof. □ 



8 Global Inverse Function Theorems 

In this section, we generalize Hadamard's global inverse function theorem from 
the classical Banach case to the case of Frechet spaces. 

Theorem 8.1 (Global Inverse Function Theorem for C fc -Maps) Let 

(E,d) and (F,d') be metric Frechet spaces over K with absolutely convex balls 
and f ': E — > F be a C^-map which is a local C^-diffeomorphism around each 
point. We assume that there exist isomorphisms of topological vector spaces 
S: F — > F and T ': E — > E such that Sf'(x)T: E — > F is invertible with inverse 
(Sf'(x)T)- 1 G £ d , 4 (F,E) for each x G E, and 

M := sup || (Sf (aOT)" 1 !!^ < oo . (48) 
Then f is a C^-diffeomorphism from E onto F. 

Remark 8.2 Conditions ensuring that / is a local diffeomorphism can be de- 
duced from Theorem B. If E = F and d = d', f : F F is and 

sup||id F -f'(x)\\ d ,d < 1, (49) 
xeF 

then all hypotheses of Theorem 8.1 are satisfied with S = T = idp (noting that 
the estimate (48) is ensured by [30, Theorem 4.1]). This case is useful for the 
construction of Lie groups of diffcomorphisms (see § 10.8). The injectivity of / 
is quite obvious in the special case when (49) holds (cf. [14, Lemma 5.1]). 
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We also have a version for MC fe -maps. 

Theorem 8.3 (Global Inverse Function Theorem for iWC fc -Maps) Let 

(E, d) and (F, d') be metric Frechet spaces over K G {R, C}, with absolutely 
convex balls. Let k G N U {00} and f : E — ► F be an MC^-map such that 
f'(x): E — > F is invertible for each x G E and sup^g^ ||/'(a;) _1 \\d',d < 00. 
Then f is an MC^-diffeomorphism from E onto F. 

Proof of Theorems 8.1 and 8.3. 

Step 1. In the situation of Theorem 8.1, after replacing / with So/oT, we may 
assume that S = idp and T = id^. In the situation of Theorem 8.3, / is a local 
MC fc -diffeomorphism, by Theorem 7.1. We therefore only need to show that / 
is a bijection. 

Step 2. For each continuous map 7: Z — > F on a connected topological space Z 
and elements z G Z and x G f^ 1 (j(z a )), there exists at most one continuous 
map ("lift") 77: Z — > E such that 77(2:0) = %o, because E and F are Hausdorff 
spaces and / is a local homeomorphism (see [8, Theorem 4.8]). 

Step 3. We now show that for each C 1 -curve 7: R — ► F and each £0 G / _1 (7(0)), 
there exists a C 1 -curve rj: K — > S such that / o 77 = 7, and 77(0) = xo- 

Lifts being unique by Step 2, there exists a largest interval ICR such that 7I7 
admits a lift 77 with 77(0) = xq. Since {0} — > S, h- > xo is a lift, / is non-empty. 
Because / is a local homeomorphism, / is an open interval. Furthermore, 77 is C 1 , 
because for each to G /, there exists an open neighborhood U C E of 77(^0) on 
which / is injective, and thus 

V\J= (/It/)" 1 °tU (50) 

by uniqueness of lifts, where J C / is a connected open neighborhood of to such 
that 7 (J) C /(f/). 

From (50), we also deduce that 

\W(t)\\ d < M\W(t)\\ d , (51) 

holds for 77' (rj) G E and Y(t) G F. Write / = }a, b[ with -00 < a < < b < +00. 
We show that b = 00. If not, then J := [0, b[ has compact closure J and hence 
£ := max{ 1 1 7' (rj) I |d' : t G J} < 00. Using (51), we deduce that 

h(t) - V(s)\\d < sup ||7/(t)IU ■ \t - s\ < ML ■ \t - s\ for all t, s G J. (52) 

re, 7 

By (52), {r){t))tej is a Cauchy net indexed by J, which is a directed set with 
respect to the order on J induced by R. Since F is complete, the limit 77(6) := 
lim t ^ 77(7;) exists and provides a continuous extension of 77 to a map on the interval 
Lli{b}. By continuity of /, the extended function is a lift. As I is a proper subset 
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of I U {b}, this contradicts the maximality of /. Hence b = oo, and an analogous 
argument shows that a = — oo. 

Step 4. / is surjective. To see this, let z G F be given. Pick any x G E and 
set yo ■= f(xo)- Then 7: R — > F, 7(t) := y + i(^o — J/o) is a C 1 -curve such that 
7(0) = yo and 7(1) = zq. By Step 3, there exists a C 1 -curvc ry: R — > F such that 
77(0) = xq and / o r/ = 7. Thus zq = 7(1) = f(r](l)) in particular. 

Step 5. To see that / is injective, let xo,yo 6 F such that f(x ) = /(yo)- Then 
77: R — > F, ?7(t) := x + t(yo — xo) is a C 1 -curve in E, and 7 := / or/: R F is 
a C 1 -curve such that zo :— 7(0) = 7(1). Now consider the C 1 -map 

r:RxR-tF, r(t, s) := z + s(-y(t) - z ) - 

Then T(0, s) = T(l,s) = z for each s £ 1 and T(.,0) = z Q , T(.,l) = 7. By 
Step 3, for each seK the curve T(., s) : R — > F can be lifted to a curve C s such 
that Cs(0) = a;o- Then r\ = (1, since / o r\ = 7 = T(., 1) = / o d and lifts are 
unique. Likewise, Co = ^o since T(.,0) = z a . Now [8, Theorem 4.10] shows that 
so = Co(l)=Ci(l)= »?(!) = l/o- □ 

9 Function spaces and mappings between them 

As a preliminary for our studies of ODEs in Frcchet spaces, we now study differ- 
entiability properties of certain types of mappings between spaces of continuous 
vector- valued functions on compact topological spaces. 

9.1 If E is a locally convex topological K- vector space and K a compact topo- 
logical space, we equip the space C(K,E) of continuous E- valued maps in K 
with the topology of uniform convergence. This topology makes C(K,E) a lo- 
cally convex topological K- vector space; the sets C(K, U) with U C E an open 
0-neighborhood form a basis of open 0-neighborhoods in C(K, E). If (E, d) is a 
metric Frechet space, we set 

hlkoo := max{||7(a:)||d: x G K} 

for 7 G C(K, E) and note that (7, rj) ^ 1 1 — y — r?||d i00 is a metric on C(K, E) which 
defines the given topology and has absolutely convex balls if this is the case of d. 
We shall always equip C (K, E) with the latter metric, and shall refer to it as the 
"maximum metric with respect to d." 

9.2 If U C E is an open subset, then C(K, U) is open in C(K, E). In fact, given 
7 G C(K, U), the image 7(F) G U is compact and hence has a uniform neigh- 
borhood of the form j(K) + V C U for some open 0-neighborhood V C E. Then 
C(K, V) is an open 0-neighborhood in C(K, E) and 7 + C(K, V) C C(K, U). 
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Proposition 9.3 Let E and F be locally convex topological 'K-vector spaces, U C 
E be open, P be a topological space and if a compact topological space. Let 

f: KxUxP^F 

be a continuous map. Given p E P, abbreviate f p := f(',p) : if xU — > F. Define 
(fP )* (7) G C(F, F) /or 7 eC(if, (7) via 

(FUl)(x) ■= f P (x,7(x)) = f(xn(x),p) forxEK. 

Then the map <f>: C(K,U) x P — > C(K,F), (j>{'y,p) '■= (f p )*("f) is continuous. 

Proof. Let 7 e C(K, U), p E P, and V C F be an open 0- neighborhood. Let 
W C F be an open 0-neighborhood such that W — W C V . For each x G if , 
we find an open neighborhood C if of x, an open neighborhood C x C P of p 
and an open 0-neighborhood B x C E such that 7(Ae) + B x E U and 

f(y,u,q) - /0,70),P) G W 7 " 

for all y G Ac, u € 7(A X ) + P x , and q E C^. By compactness, if C U x£j A x for 
some finite subset I C K. Then B := (~} xeI B x C F is an open 0-ncighborhood 
and C : = HUe / ^ C P an open neighborhood of p. Let 77 G 7 + C (if, B) and q E 
C. Given y G K, there is a; G I with y G A x . Then f{y,r){y),q) - f(y,j(y),p) = 
f{y,v{y),q)-f{x,7{x),P)-(f(y,7(y),P)-f(x,l(x),P)) G VK-VK C V. We have 
shown that 4>(r],q) — 0(7,p) G C(if, V) for all (77,5) in the open neighborhood 
(7 + C(if, P)) x C of (7,^). Thus is continuous. □ 

If k G N and /:FDP^F is a C fe -map, we can associate iterated differentials 
with / via d°f := f:U -> F, d 1 f := df : U x E ^ F, 

d 2 f := rf(df) : (U x E) x (E x E) —> F 

(if fc > 2), and recursively rf fe / := d^^df) : U x F 2 *" 1 -» F. 

Proposition 9.4 Lef K be a compact topological space, E and F be locally 
convex topological K-vector spaces, Z be a topological K-vector space, and k G 
No U {00}. Let U C F be an open subset and P E Z be a subset with dense 
interior. If k > 2, we assume that P is open or that both Z and P are locally 
convex. Let f:Kx(UxP)—*Fbea map such that 

(a) f x := f(x, .) : U x P — > F is for each x G K; and 

(b) For each j G N such that j < k, the map K x (U x P) x (F x Z) 2 '- 1 -> F, 

(x,u,p,y) i-> (d 3 2 f)(x,u,p,y) := (d 3 f x )(u,p;y) 
for x G if, u G U, p G F, y E (E x Z) 23 ^ 1 is continuous. 
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Then 

4>: C{K, U)xP^ C(K, F), # 7 ,p) := (/ p )*( 7 ) 

is a C^-map, where f p := /(.,p): K x U — > F for p E P and (f p )*('j){x) := 
f(x,i(x),p) for x E K. Furthermore, the differentials of 4> are given by 

<t>'{i,p).{v,d) = (g {p ' q) )*h,v), (53) 

where g( p > q ^ := g(., (p, g)) wif/i 

g: K x (U x E) x (P x Z) ^ F , g(x,(u,v),(p,q)) := d 2 f(x,u,p,q,v) . (54) 

Proof. We may assume that k < oo. The case fc = having been settled in 
Proposition 9.3, we may assume that k > 1. The proof is by induction. 

77ie case fc = 1. Let 7 G C(K,U), n G C(K,E), q G Z and p G P°, the 
interior of P. Since C(i4T, ?7) and P° are open, there exists r > such that 
7 + Bf(0)r] C C(Jf, f/) and p + Pf(0)o C P°. For each 1 e Jf and ( e B*(0) 
such that i 7^ 0, we have 

A t (z) := ^ + tv,P + t q )-4>(j,p) {x) 

f(x, 7(g) + fo^p + tg) - /(g, 7 (x),p) 

= / ^2/(2;, ('j(x),p) + st(r](x),qy,(q,r](x)))ds. (55) 
Jo 

The map h: Bf(0) xKx[0,l]-> F, 

h(t,x,s) := d 2 f(x,(j(x),p) + st(n(x),q); (q,n(x))) 

is continuous. By (55), the weak integral H(t, x) := h(t, x, s) ds exists in F for 
all x G K and 7^ t G PjF(O). But it also exists for f = because the integrand is 
constant in this case. Now the continuity of h implies continuity of the parameter- 
dependent weak integral H : Bf(0) x K — > F (see, e.g., [18, Chapter 1]). By the 
first half of the exponential law ([7, Theorem 3.4.1]), continuity of H implies 
continuity of 

H v : Bf(0) -» C(K, F) , H v (t) := H(t, .) . 

Since H v (t) = A t for t 7^ by (55) and H v is continuous, we deduce that 
A t -» ff v (0) as t -» 0, where (H v (0))(x) = H(0,x) = d 2 f{x,{j{x),p),(q,n{x))) 
for all x G K. Hence d</>(( 7 ,p), (77, q)) exists for (7,p, 77, q) as before, and is given 
by (53). Since g from (54) is continuous by hypothesis (b), Proposition 9.3 shows 
that the map described in (53) is continuous. As the map in (53) extends defi 
(defined so far only on C(K, U) x P°), we see that <j> is with d(f> given by (53). 

Induction step. Let k > 2 and assume that the proposition holds when k is 
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replaced with k — 1. We already know that <f> is and that d<p is given by (53). 
Since, by hypothesis (b), g satisfies a condition analogous to hypothesis (b) with 
k — 1 in place of k, the parameter-dependent pushforward in (53) is C^ 1 by 
induction. Thus 4> is with d<f> a C^ _1 -map and hence cj> is C^. □ 

Definition 9.5 Let (_E, d) and (F, d') be metric Frechet spaces over K, U C E 
and X be a topological space. We say that a function / : X x U — > F satisfies the 
Zoca^ contraction condition (or "local CC" ) in its second argument, if for xq G X 
and yo G J7, there exist neighborhoods I' C X of xo and [/' C U of yo such that 
{fx\u')xEX> is a family of special contractions, where f x \u' '■ V — > i 7 ', y i— > /(a;, y). 
If we can always find X' and [/' as before such that (/x|c/')xex' is a uniform 
family of special contractions, we say that / satisfies the local special contraction 
condition (or "local SCC") in its second argument. Likewise, we speak of a 
local SCC (resp., a local CC) in the second argument if /: X x U x Z — > F 
with topological spaces X and Z and (x ,y , z ) always has a box neighborhood 
X' x U' x Z' such that the maps U' — > F, y i— > /(a;, y, z) form a uniform family of 
special contractions for (x, z) G X' x Z' (resp., a uniform family of contractions). 

The following simple observation is useful: 

Lemma 9.6 Let K be a compact topological space, (X,d) and (Y,d') be metric 
spaces and f : K x X — > Y be a map such that f x := f(x, .) : X — > Y is Lipschitz 
continuous for each x £ K and 6 := sup x£if Lip(/ X ) < oo. Equip C(K,X) and 
C(K,Y) with the maximum metrics. Then also the map 

f*:C(K,X)^C(K,Y), /,( 7 )(a:) := f(x,j(x)) for 7 G C(K, X), x <E K 

is Lipschitz continuous, with minimal Lipschitz constant Lip(/») < 6. In partic- 
ular, if g: X — > Y is a Lipschitz continuous map, then also 

C(K,g):C(K,X)^C{K,Y), 7^307 

is Lipschitz continuous, with Lip(C(F, g)) < Lip(y). 

Proof. Let 7,77 € C(K,X). Then 

df(M-r)(x),Mr,)(x)) = d'(f(xMx)),f(x,n(x))) < Up(f x )d(y(x),r,(x)) 
< 6 max d(j(y),i](y)) 

y£K 

for each a; G K and thus ma,x xe K d'(f*(-f)(x), f*(rj)(x)) < 9max y& K d('j(y),r](y)), 
from which the assertions follow. □ 

Remark 9.7 Proposition 9.4 is a variant of [13, Proposition 3.3]; correspond- 
ing results without parameters are well-known (see, e.g., [10, Proposition 3.10]). 
Certain pushforwards (without parameters) between certain spaces of sections in 
finite-dimensional fibre bundles (with a different type of metric) have also been 
discussed in [30, Theorem 3.31]. 
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10 ODEs in Frechet spaces 



This section is devoted to applications. We use our preceding results to discuss 
existence and uniqueness for solutions to ordinary differential equations in Frechet 
spaces, as well as their dependence on parameters and initial conditions. To this 
end, we adapt a classical idea by Chow and Hale concerning ordinary differ- 
ential equations in Banach spaces (see [6, Chapter 3, proof of Theorem 1.1]), 
who reduced the problems in contention to the implicit function theorem in 
Banach spaces. 

Besides the real case spelled out in Theorem E, also local solutions to complex 
differential equations are of interest (which are suitable complex differentiable 
vector-valued maps on a connected, locally convex subset of C with dense in- 
terior), but also mixed cases where we look for ordinary solutions (on intervals 
in W.) with values in a complex Frechet space and would like to establish complex 
differentiable dependence on initial values and parameters. Such mixed situa- 
tions are of interest for infinite-dimensional Lie theory, where they can simplify 
the proof of regularity for a given Lie group (cf. [15, Theorem 8.1]). 

We begin with a simple uniqueness result. 

Proposition 10.1 Let (F,d) be a metric Frechet space with absolutely convex 
balls, U C F be a subset, J C K be a locally convex, connected subset with 
dense interior, f : J x U —* F be a continuous function and 7, t] : J — > U be C^- 
solutions to the differential equation x'(t) = f(t,x(t)) such that 7(io) = f]{to) for 
some t G J. If f satisfies a local contraction condition in its second argument, 
then 7 = 7/. 

Proof. Local uniqueness: We show first that 7 and 77 coincide on some neigh- 
borhood of to- To this end, after shrinking J and U, we may assume that J 
is convex, of diameter < 1, and that /(£,•): U — ► F is a uniform family of 
contractions for t e J, with some uniform contraction constant 9 € ]0, 1[. We 
may also assume that M := sup||/(J x U)\\d < 00. For each t G J, we have 
||7'(t) - rf(t)\\d - Wf(tMt)) - f{tMt))\U < min{2M,0|| 7 (t) - v(t)h}- Hence 



h(t)-v(t)\U 



(t-to)-(f' -v')(to + s(t-to))ds 







< sup - V ')(to + s(t - t ))\\ d (56) 

»€[0,1] 

< sup ||(7-T7)(t + s(i-t ))|U, (57) 

se[o,i] 

where (56) is also < 2M. Hence A := sup teJ ||-y(*) - r7(rj)|| d < 00. If A > 0, we 
pick t s J such that A < _1 ||7(i) - r7(rj)|| d . Since the right hand side of (57) is 
< A, we obtain the contradiction ||7(i) — t(*) II < ||7(*) — 7(*)IU- 
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(b) The set E := {t G J: j(t) = n(t)} is closed in J by continuity of 7 and r\. 
By (a), F is also a neighborhood in J of any of its points and hence open in J. 
Since E ^ (as to G £7) and J is connected, it follows that E — J. □ 



10.2 Our general setting is as follows. We let (F, d) be a metric Frechet space 
over K G {R, C}, with absolutely convex balls. Also, we let k G N U {00}, JCK 
be a locally convex subset with dense interior, and L G {M,IK}. If k = 0, we let 
P be a topological space and assume that K = L = M. If k > 1, we let E be a 
topological K-vector space and P C E be a subset with dense interior. If fc > 2, 
we assume that both P C E and JCK are open or that E and P are locally 
convex. We let / : Jx!7xP^Fbea C^-map, to G J n L, x a G {/ and p S P. 

Theorem 10.3 (Solutions to ODEs in Frechet Spaces) Let f be as in § 10.2 

If k = 0, assume that f satisfies a local contraction condition in its second ar- 
gument. If k > \, assume that f satisfies a special local contraction condition 
in its second argument. Then there exists a convex open neighborhood J\ C J 
of to and open neighborhoods U\ C U of xo and Pi C P of po such that for all 
(ti,x\,p\) G (Ji flL) x Ui x Pi, the initial value problem 



(a) The map * : (JiflL) x (JiflL) x Ui x P 1 —> U , $(ti,t,xi,pi) := <Ati,xi, P i(*) 



(b) For fixed (ti,t) G (Ji flL) x (Ji flL), the map Pi x Pi ^ F 
is C*. 

(c) If (ti,xi,pi) G (Ji flL) x f7i x Fx and W — > F is a C^-solution to (58) 
on a convex neighborhood W C J x n L o/ti, f/ierc -0 = 0ti,xi,pi |w- 

Proof. Once ^ exists, (c) is a special case of Proposition 10.1. To construct 
solutions, we assume first that K = L. By the local CC (resp., SCC), we may as- 
sume that f(t,.,p): U — > F, for (i, p) G J x P, is a uniform family of contractions 
(resp., special contractions) with uniform (special) contraction constant 9 G ]0, 1[, 
after replacing J, U and P with smaller neighborhoods of t , x n and po, respec- 
tively (with properties as described in the hypotheses). We may also assume 
that J is convex. 

Let V C U be an open neighborhood of xq and W C F be an open 0-neighborhood 
such that V + W CU. Define 5: [0,1] xWxJxJxVxP^F, 

g(T,w,ti,t 2 ,x 1 ,p 1 ) := (*2-ti)/(*i+T(*2-ii),io + ari,pi). (59) 

Given (fi, t 2 , G Jx JxFxP, a continuous map 77: [0, 1] — ► W is and 

satisfies 



V'(r) = g(r,ri(r),ti,t2,xi,pi) for all r G [0, 1], and n(0) = (60) 



/ias a C^-solution </>, 



= f(t,x(t), Pl ), x'(ti) = xi 
ti.xi.pi : Ji n L — > [/ with the following properties: 



(58) 
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if and only if 

(We [0,1]) t](t) = / g(a,r](a),ti,t2,x 1 ,p 1 )d(T, 
Jo 

if and only if 

(We [0,1]) 7?(t) = / Tg(aT,r)(aT),ti,t 2 ,x 1 ,pi)da. (61) 
Jo 

Using notation as in Proposition 9.4, the preceding equation can be rewritten as 

(We [0,1]) v (t) = r- /V 1 ' t2,Xl,pl )*(7?)(<^)<i<7. (62) 

Jo 

To obtain a more transparent formula, we introduce the continuous mapping 
m: [0, 1] x [0, 1] — > [0, 1], m(r, er) := ctt and the pullback 

C(m, F) : C([0, 1], F) - C([0, 1] x [0, 1], F) , C ~ C ° m 

which is K-linear and Lipschitz continuous with Lip(C(m, F)) < 1, as we are 
using maximum metrics on the function spaces. Given ( e C([0, 1] x [0, l],F), 
the map 

C v : [0,1]-<7([0,1],F), C(r)(a):=C(r,a) 
is continuous and the K-linear map 

<&: C([0,1] x [0,1],F)^C([0,1],C([0,1],F)), $(C) := C 

is continuous (see [7, Theorem 3.4.7]). Since maximum metrics are used on the 
function spaces, it is obvious that $ is isometric and hence Lipschitz continuous 
with Lip($) < 1. We also need the integration operator 

I:C([0,1],F)^F, / {(<T)da 

Jo 

which is K-linear and Lipschitz continuous with Lip(7) < 1 (see Lemma 1.10). 
Finally, we need the map 

C([0, 1], /) : C([0, 1], C([0, 1], F)) - C([0, 1], F) , (^Io( 

which is K-linear (as is clear) and Lipschitz continuous with Lip(C([0, 1], /)) < 1 
(by Lemma 9.6); and the multiplication operator 

M : C([0,1],F)^C([0,1],F), MC)(r) == 

which is K-linear, and Lipschitz continuous with Lip(/x) < 1 (again by Lemma 9.6). 
We can now rewrite (62) as 

h(ti,t 2 ,xi,pi,r]) = 
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where h: JxJxVxPx C([0,1],W) -» C([0, 1],F) is given by 

h(t 1 ,t 2 ,x 1 ,p 1 ,rj) = r] - h(t 1 ,t 2 ,xi,p 1 ,r]) 

with UxJxl/xFx C([0,1],W) -> C([0, 1],F) defined via 

h(t 1 ,t 2 ,x 1 ,p 1 ,r 1 ) := ( A1 oC([0,l],/)o$oC(m,F)o( 5 *^ t ^^),)(, 7 ). (63) 

By Lemma 9.6, Lip^* 1 '* 2 '* 1 '? 1 )*) < 6 for all (ii, t 2 , Zi,f>i) £ JxJxVxP. 
If fc > 1, for each s G K x we can apply Lemma 9.6 also with the metric given 
by d s (x, y) := d(sx, sy) (instead of d), from which we conclude that (<7 tl >* 2 ' Xl ' Pl )*, 
for (t\,t 2 ,x-i,pi) E J x J x V x P, is a uniform family of special contrac- 
tions with constant 9. Since all other maps involved in (63) are K-linear and 
Lipschitz continuous with constant < 1 (as explained before), we deduce that 
~h{h,t 2 ,xuPu>)- C{[0,l],W) -» C([0,1],P), for (ti, t 2 ,a;i,pi) GJxJxVxP, 
is a uniform family of contractions (resp., of special contractions if fc > 1), with 
constant 9. Furthermore, h is as a composition of continuous K-lincar maps 
and a map which is C£ by Proposition 9.4. Also, h(t 0} to, xq,Po, 0) = 0. Hence 
Corollary 4.5 can be applied with A := id: C([0, 1],F) -> C([0, 1],F), if k = 0. 
Furthermore, Theorem A can be applied (if fc > 1) with ^4 = S = T = id 
in (4), because the supremum on the left hand side of (4) is < 9 < 1 = n^n D D , 
by Lemma 3.5 and its proof (where D is the maximum metric on C([0, 1], F)). 
Now the corollary or theorem provides open neighborhoods J\ C J, V\ C V and 
Pi C P of t , #o, res P- Po, and a C^-map A: Ji x Ji x V\ x Pi — > C([0, 1],P) 
such that 



h(t 1 ,t 2 ,x 1 ,p 1 ,\(t 1 ,t 2 ,x 1 ,p 1 )) = for all (ti, t 2 , xi, pi) e Ji x Ji x Vi x P x . 

TTie case K = L = M. Given (ti, i 2 , xi,pi) S Ji x Ji x V\ x Pi, consider the 
map r? := A(ti, i 2 , xi,pi) : [0, 1] — > IF. Since r\ is continuous and satisfies (61), it 
is Cjj and satisfies (60). If t 2 7^ ti, we define 7: [ii,£ 2 ] F, t ^ xi + r){ *~*^ ) 
on the line segment [ii,i 2 ] joining t\ and t 2 . Then 7 is Cjj, 7(^1) = £1, and 
7'(*) = t^tl^T^k) = /(*)7(*)>Pi)j usin S ( 60 ) and expressing 5 in terms of / 
as in (59). Hence 7 is a solution to (58) on [ti, t 2 ], and its value at t 2 is x\ +r/(l) = 
.Ti +A(ti,t2,Xi,pi)(l). By uniqueness of solutions (Proposition 10.1), the former 
solutions on smaller intervals combine to a solution 4> Xly t 1 , Pl ■ J\ — > W, given by 

0ti,zi,pi(*) = a;i + A(ti,t,a;i,pi)(l). (64) 
Since A is and the evaluation map 

evi: C([0,1],F)-F, C~C(1) (65) 
is continuous and linear, we deduce that W (and hence also the map in (b)) is Cg. 
TTie case K = L = C. Then fc > 1. In this case, we simply use (64) to define 
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4>x 1 ,t 1 ,p 1 {t)- Next, we define the map 'J as in part (a) of the theorem. Since evi 
(as in (65)) is continuous and complex linear, and A is C^, our definitions ensure 
that <J/ (and hence also the map in (b)) is Cg. By definition, <f> X i,ti,pi(ti) — x\, 
and since "J" is and hence Cg, also <fi Xlt t 1 ,p 1 is C*c- ^ n or der that <fi X i,ti, P i 
solves (58), it only remains to show that 4>' Xl . tl , Pl (t2) = .f(t2,4>x 1 ,t 1 , Pl (h),Pi) 
holds for each t 2 G J\. By continuity, it suffices to check this for t 2 ^ t\. But 
then we can define 77 and a C^-map 7: [ti,t2] — * U C P by the same formulas 
as in the proof of the case K = L = M, considering now the line segment [t\ , t 2 ] 
joining ii,t2 as a 1-dimensional real manifold with boundary immersed into C. 
Again, 7 solves (58) (considered now as an ODE on the manifold ^1^2]), and 
we deduce as above that j(t) = x\ + \(ti,T,xi,pi)(l) = <j>ti,xi,pi{r) for each 
t G [^1,^2]- Calculating the complex derivative as a suitable real directional 
derivative, we find that <fi' tltXuPl (t 2 ) = j'(t 2 ) = f{t 2 ,4> tl , XuPl (t 2 ),pi), as desired. 

The case K = C. L = R. Then k > 1, and the case K = L = C pro- 
vides Ji, f/i and Pi as described in the theorem such that (58) admits a Cfc- 
solution £ti,xi,pi : J\ — > J/ for all ti G J 1; £1 G C/i and pi G Pi, and such that 
6: J x x J x x Z7i x Pi £/, e(ti,t,a;i,pi) := &i,*i,pi(*) is C£. Then <j>t uxupi ~ 
^ti,xi,pi|jinM : <7i H M — > 17 is a C^-solution to (58) whenever t\ £ Ji H K, and 
the map ^ (defined in (a)) is Cg, being the restriction of the C^-map 6 to 
(Ji OR) x (Ji x R) x Ui x Pi. Since = 0(ti,t,.) is C£, also (b) is 

verified. □ 



Remark 10.4 If P is a Banach space and /: J x {7 x P — > P satisfies a Lipschitz 
condition in its second argument, then sf satisfies a local SCC in its second 
argument (even a global such condition), for s G R x sufficiently small. If 7 
solves (58), then 77: s _1 Ji — > U, 7/(i) := 7(si) solves r/(t) = sf(st,t](t),pi), 
r](t) = x\. Similarly, we can pass from 77 back to 7. As a consequence, all 
conclusions of Theorem 10.3 remain valid if no local CC or local SCC is assumed, 
but P is a Banach space and / satisfies a local Lipschitz condition in its second 
argument. 

Remark 10.5 Of course, we can prove existence, uniqueness and C fc -dependence 
just as well for higher order equations under appropriate analogous conditions, 
by rewriting them as first-order systems. 

Remark 10.6 It is possible to extract quantitative information from the proof 
of Theorem 10.3 because Theorem A and Corollary 4.5 can be traced back to 
Theorem 4.1, which provides quantitative information on the size of the images of 
balls. For example, if U is a ball and U\ a ball with same center of half the radius 
of C7, it is possible to describe explicit conditions on the size of the differentials 
and a condition on the diameter of the image of / which ensure that J\ = J and 
Pi = P can be chosen in Theorem 10.3. 
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Remark 10.7 If E is a metric Frechet space and k > 1, it is possible to prove 
an analogue of Theorem 10.3 for / an MC^-map, in which case ^ will be MC£ 
and the map in (b) will be MC^. For the proof, note that Proposition 9.4 has 
an analogue for MC^-maps, and use Corollary 7.2 instead of Theorem A. 

10.8 Prospect: A new class of infinite-dimensional Lie groups. 

Using results from this article, it is possible to construct certain Lie groups of 
rapidly decreasing diffeomorphisms of Frechet spaces. 

Let (F, d) be a metric Frechet space with absolutely convex balls, and W be 
a set of functions w: F — > M U {oo} containing the constant function 1. Let 
C%(F,F) be the "weighted function space" of all MC°°-maps 7: F -> F such 
that sup xeF \w(x)\ ■ \\j(x)\\ d < 00 and sup xeF \w(x)\ ■ \\j (k) (x)\\d,d < 00 for 
all w E W and k E N. For example, take F = M and let W be the set of 
all polynomial functions K — ► K; then C^(M,R) = S(R) is the Schwartz space 
of rapidly decreasing smooth functions on R. Returning to the general case, 
let Diffw(-F) be the set of all diffeomorphisms 7: F — > F such that 7 — idp, 
7 _1 — idi? E C^}(F, F). It was shown recently that Diffyv(F) can be made a Lie 
group modelled on C^(F, F), for each Banach space F (see [37]); this Lie group 
has a smooth exponential map and is regular (in Milnor's sense, as in [28]). Using 
results provided in this article (notably, Theorem 8.3) instead of the standard 
facts of Banach differential calculus used in [37], it is possible to turn DiSw(F) 
into a Lie group along the lines of [37]. Using the results on ODEs in Frechet 
spaces sketched in Remark 10.7, one also sees similarly as in the Banach case 
that Diff w (F) is regular. 

A Proof of Proposition 2.1 

(a) We know from Remark 1.9 that £d,d'(E, F) is an additive subgroup of F E . 
To see closedness under scalar multiplication, let A £ Cd,d> (E, F) and t E K. 
Then \\tA.x\\ d > < max{l, 2\t\} \\ A.x\\ d > < max{l, 2|i|} || A\\ d , d > \\x\\ d for all x E E 
(see Lemma 1.7 and (9)). Hence p-AH^d' < max{l,2|t|} HAH^d' < oo and thus 
tAE £ d M>(E,F). 

(b) The evaluation map e is continuous at (0, 0) by (9) in Remark 1.9 (a), and 
furthermore e(A, .) and s(.,x) are continuous at for all A E £d,d<{E 7 F) and 
x E E, by (9). Hence e is continuous, being bilinear (see Lemma A.l below). 

(c) The composition mapping T: C d \d"(F,G) x C d ,d>{E,F) -> C d ,d"(E,G), 
(A, B) A o B is continuous at (0, 0) by (11) in Remark 1.9 (b), and the maps 
F(A, .) and T(.,B) are continuous at 0, as a consequence of (11). Since T is 
bilinear, this implies continuity of T. 

(d) We already know from Remark 1.9 (d) that D := D d .d' is a metric. Now 
IMIkd' < \\A\\d,d> for all A E C d ,d>(E,F) and t E K such that \t\ < 1, by the 
case \t\ < 1 of Lemma 1.7. Hence D has absolutely convex balls. 
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To see that (£d,d' (E , F) , D) is complete, let (A n ) n£ n be a Cauchy sequence in 
£>d,d'{E,F). Given x G E, the point evaluation Cd,d>{E,F) — > F, F F..t 
is continuous linear. Hence (A„.s) ne N is a Cauchy sequence in F and hence 
convergent, to A. x say. It is clear that the map A: E — » F so obtained is linear. 
Given e > 0, there is TV G N such that \\A n — A m \\d,d' < £ for all n,m > N. 
Given x E E, this implies that ||j4 n .a;||d' < \\(A n — Aff).x\\d' + ||^4jv-ic||d' < 
14 - Ajv|U,d'|klU + < + l|Av|kd')lklld for all n > Af and 

hence also ||Aa;||d/ < (e + || AvIUdOlklk letting n -> oo. Thus ||A|| d)d / < 
(e + HAjvlld.dOII^IU < 00 an d hence A G £d,d'(E,F). Let e and AT be as before. 
Given m > Amanda; G E, we have \\(A n -A m ).x\\ d > < \\A n -A m \\d,d>\\x\\d < e\\x\\ d 
for all n > N and hence \\(A — A m ).x\\d> < £\\x\\d, letting n — > 00. Since x was 
arbitrary, we deduce that \\A — A m \\d,d' < £ for all n> N . Thus ^4 = lim^oo ^4„ 
in£ d ^(F,F). 

(e) This is [30, Theorem 4.2]. □ 
We used the following simple fact. 

Lemma A.l Let A, B, C be abelian topological groups and (3: A x B — > C be a 
bi-additive map (viz., a TL-bilinear map). If [3 is continuous at (0,0) and all of 
the maps (3(a, .) : B — > C for a G A and /?(., b) : A — > C for b e B are continuous 
at 0, then [3 is continuous. 

Proof. Let (aj,bj)j^j be a convergent net in Ax B, with limit (a, b). Since 

f3(aj,bj) — f3(a, b) = (3(aj — a, bj — b) + f3(a, bj — b) + (3(dj — a,b) — > 
by the hypotheses, we see that /3(a,j,bj) — > /3(a, b). □ 

B Basic facts concerning MC k -maps 

In this appendix, we prove compile various basic facts concerning MC fc -maps, 
and deduce Lemma 7.3 from them. 

On a product E x F of metric Frechet spaces (E, d) and (F, d'), we shall always 
use the maximum metric 

(E x F) 2 — > [0, oo[ , ( (aji,j/i),(ar 2 , 2/2)) '- > max{d(a;i,a;2),d' (2/1,3/2)}- (66) 

Lemma B.l For o/Z metric Frechet spaces (E,d), (F,d') and (G,d") with abso- 
lutely convex balls, the following holds: 

(a) Each A G £d,d'{E,F) is an MC^ -map E — > F. Furthermore, the transla- 
tion t x : E —> E , y ^ x + y is MCg 9 for each x G E. 

(b) For eac/i A G Cd{E), both the left multiplication map 

X A : C d {E) ^ £ d (E)o, B ~ AB 



4G 



and the right multiplication map p A '■ £d(E)o — ► £ d (E)o, B i— > BA are MC^ 
More generally, for each A G £ d >_ d "{F, G) and C G £d,d>(E, F), the maps 

X A : C d4 > (E, F) -> Ld.d" (E,G) , B >—> AB 

and PA : £ d ,. d „(F,G) -> £ d ,d»(E,G) , B^BA are MC^ . 

(c) The map L: £ d (E) Q -> £ D (£ d (E) ) , L(A) := X A is MCf 5 and also the 
map R: £ d {E) -» £ D (£ d (E) ) , R(A) := p A is MCf\ where D := D d . d 
is the natural metric on £ d {E). 

(d) Let f3: E x F — > G be a bilinear map such that \\(3{x,y)\\ d " < \\x\\ d \\y\\ d ' for 
all x G E, y G F. Then j3 is MCf 9 . In particular, the composition map T 
is MC^, where 

T : £ d (E) x £ d (E) - £ d (E) , (A,B)^AoB. 

(e) If U C E is a locally convex subset with dense interior and both f : U — > F 
and g:U -> G are MC^, then also (/, g):U^FxGis MC^. 

(f) If U C. E and V C F are locally convex subsets with dense interior and 
f:U^VCF,g:V^Gare MC^, then also g o f : U G is MC^. 

(g) The quasi-inversion map q: Q(£ d (E)o) — ► £ d (E)o is MC^ . 

Proof, (a) Being continuous, A is MC°. Furthermore, being continuous linear, 
A is C 1 with A': E — > £(E,F), iHia constant (and hence continuous) map 
into £ d (E,F). Hence A is MC 1 and it follows by a trivial induction that A is 
MC k for each fc > 2 with = 0. 

The translation t x is C 1 with (r x )'(y) = id B for each y E E. Thus (r x )' is 
a constant map to £ d (E) and hence continuous. As before, we deduce that t x 
is MC°° with (t x )W = for each k > 2. 

(b) By (11) in Remark 1.9(b), the map A^ is Lipschitz continuous. Since A^ 
is a linear map, it follows with (a) that is MC°°. The maps p A (and pc) can 
be discussed analogously. 

(c) Since \\AB\\ d < PIUS^ for all B G £ d (E), it follows that ||Aa||d < 
and X A G £ D (£d(E) ). If A G £ d {E) 0l then L4 -> as i -> 0, whence 

||tA|| d -» and thus pA A || D = ||A tA ||D < \\tA\\ d -» 0. Hence A A e £z,(£ d (£)o)o- 
Summing up, L: £ d (E) — > £D{£d{E)o)o is a Lipschitz continuous linear map 
and thus MC°°, by (a). The map i? can be discussed along the same lines. 

(d) Being continuous bilinear, (i is C 1 with (3'(x,y).(u,v) = 0(x,v) + f3(u,y). 
Since \\(3(x,v) + (3{u,y)\\ d » < 2max{||a;|| d , \\y\\ d >} ■ max{||u|| d , \\v\\ d >}, we deduce 
that f3'(x,y) G £]j, d "{E x F,G), where D is the maximum metric (as in (66)). 
Furthermore, \\p(x, y)\\ D ,d" < 2 II(^ v)\\d- Thus (3' : E x F ^ £ D , d »(E x F, G) 
is Lipschitz continuous and linear. The space E x F and hence also its image 
being connected, we deduce that (3'(E x F) C £ Ad „ (E x F, G) . Now /?' is MC°° 
by (a). Hence also (3 is MC°°. 
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(e) and (f): We may assume that fc S No. We now prove (e) and (f) in parallel 
for k G No, by induction. In both cases, the case k = is trivial. Thus, let k be 
an integer > 1 now and assume that (e) and (f) hold with k — 1 in place of k. 

Induction step for (f): After shrinking U and V, we may assume that both 
sets are connected. Pick xo <E U and set y := f(%o)- 

We know that g o / is G 1 , with 



(gof)'(x)= g'(f(x))of'(x) 

= (<?'(/(*)) g'(yo)) ° (/'(*) - /'(*„)) + (<?'(/(*)) - g'(yo)) ° f(x ) 

+ g'(Vo) o (/'(*) - /'(a*)) + g'(yo) ° /'(*„) . 



using suitable left and right translations (which are MC°°) and the composition 
map T: C d >, d »(F,G) x £ d , d ,(E,F) -» C d , d »{E,G) , which is MG°° by (d). All 
maps involved being continuous, we infer from (67) that (5 o /)' : U — > £d,d" (F, G) 
is continuous. Assume now that compositions of MG fe_1 -maps are MC k ~ 1 . 
Using the MC -case of (e), we then deduce from (67) that the mapping 
(9 ° /)' - (.9 ° fY(x ) ■■ U -» G) is M^" 1 , whence g o / is MC*. 

Induction step for (e): We may assume that [/ is connected and pick xo £ U. 
We let pr x : F x G — > F and pr 2 : F x G — > G be the projections onto the 
first and second component, respectively. These maps are Lipschitz continuous 
and linear. Also, we let a: C dfd i(E,F) x C d , d "(E,G)o — ► £ dl D(E,F x G) , 
(A, _B) 1 — 1 (1 — > {Ax, Bx)) be the natural isomorphism of vector spaces, which is 
a linear contraction. Then 

(f,g)'-(f,g)'(x ) = ao(p pii xp pi2 )o(f'-f'(x ),g'-g , (x )). 

Using the inductive hypotheses (both for (e) and (f)) and (b), the preceding 
formula shows that (f,g)' - {f,g)'(x ) is MG^ 1 and thus (f,g) is MC k . 

(g) We already know from Proposition 2.11 that Q(£. d (E)o) is open in C d (E)o 
and that q is C°° (and hence continuous). Since q(A) = id# — (id# — A) -1 , the 
well-known formula b^ 1 — a^ 1 = b^ 1 (a — fe)a _1 for invertible elements in a unital 
algebra implies that 

q(B)-q(A) = (id E -Ay 1 - (id B -S)" 1 = (id B -A)" 1 ^ - B)(id B -S)" 1 



= q(A)(A-B)q(B)-(A-B)q(B)-q{A){A-B) + {A-B) (68) 

for all A,Be Q(C d {E)). Let A e Q(£ d (E) ) and B G £d(£0o now. For 
7^ t e IK sufficiently small, using (68) we see that 



Thus 



(g ° /)' - (g ° 



= To((g'-g'(y ))of,f'-f'(xo)) 

+ pf(x ) {{g' - g'ivo)) ° f) 

+ V(i/o) (/'-/' (xo)), 



(67) 



= (q(A)-id E )(A-B)(q(B)-id E ) 



q(A + tB) - q{A) 



= —q(A)Bq(A + tB) + Bq(A + tB) + q(A)B - B , 



t 
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which tends to dq(A,B) = —q(A)Bq(A) + Bq(A) + q(A)B - B as t ->■ 0. Thus, 
writing 1 := id Cd{E)o , we have q'(A) + 1 = -A g(A ) ° A,(A) + P g (A) + A g(A ) e 
£ D (£ d (E)o) by (b) and (c), and 

q' + 1 = -To(L,R)oq + Roq + Loq (69) 

where L and i? are the MC°°-maps from (c) and the composition map 

T: £ D (£ d (E) ) x £z3(£ d (£;)o)o - £ D (£ d (E) )o 

is MC°° by (d). Since g is continuous, (69) shows that also the mapping 
q' + l: Q(£ d (E) Q ) £ D (£ d (E) )o is continuous, whence q is MC 1 . If q is MC fe 
by induction, then (69) shows that also g' + 1 is MC k and so q is MC k+1 . □ 

Proof of Lemma 7.3. Since £ d (F) x is open, M :=((A + £ d {F) ) n £d(F) x ) 
is open in the affine space A + £ d (F)o which is homeomorphic to £ d (F)o and 
hence locally connected. Thus, the connected component of M containing A is 
open in A + £ d (F) . Since £ d (F) — ► £ d (F) , C ^ C — A is a homeomorphism, 
openness of follows. 

Since m(-B) = (id F +A- 1 B)- 1 A~ 1 - A' 1 = ((id F +^" 1 B)- 1 - id F )A- 1 = 
— q(— A~ 1 B)A~ 1 for B e O using the quasi-inversion map q of £ d (F) , we see 
that la = —Pa- 1 Q°(^^A- 1 )\n- Hence la is an MC°°-map, by Part (b) and (g) 
of Lemma B.l. □ 
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